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Right Triangles and

Chapter Overview and Pacing

LESSON OBJECTIVES

Year-long pacing: pages T20-T21.

PACING (days)

Block

Regular

Basic/
Average

Advanced

Basic/
Average

Advanced

T' Geometric Mean (pp. 342-348)

e Find the geometric mean between two numbers.

* Solve problems involving relationships between parts of a right triangle and the
altitude to its hypotenuse.

1

1

0.5

0.5

The Pythagorean Theorem and Its Converse (pp. 349-356)
Preview: Physically explore side-length relationships in the Pythagorean Theorem.
e Use the Pythagorean Theorem.

e Use the converse of the Pythagorean Theorem.

G

2 (with 7-2
Preview)

1 (with 7-2
Preview)

0.5

Special Right Triangles (pp. 357-363)
e Use properties of 45°-45°-90° triangles.
e Use properties of 30°-60°-90° triangles.

Trigonometry (pp. 364-370)
e Find trigonometric ratios using right triangles.
e Solve problems using trigonometric ratios.

Angle of Elevation and Depression (pp. 371-376)
e Solve problems involving angles of elevation.
e Solve problems involving angles of depression.

0.5

The Law of Sines (pp. 377-384)

e Use the Law of Sines to solve triangles.

e Solve problems by using the Law of Sines.

Follow-Up: Use geometry software to investigate the Law of Sines.

¢ Qe QG

optional

2 (with 7-6
Follow-Up)

optional

1 (with 7-6
Follow-Up)

The Law of Cosines (pp. 385-391)

e Use the Law of Cosines to solve triangles.

e Solve problems by using the Law of Cosines.

Follow-Up: Use trigonometric ratios to identify trigonometric identities.

G

optional

optional

Study Guide and Practice Test (pp. 392-397)
Standardized Test Practice (pp. 398-399)

0.5

0.5

Chapter Assessment

0.5

0.5

TOTAL

10

14
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An electronic version of this chapter is available on StudentWorks™. This backpack solution CD-ROM
allows students instant access to the Student Edition, lesson worksheet pages, and web resources.
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351-352 | 353-354 355 356 11-12, 7-1 7-1
31-32
357-358 | 359-360 361 362 407 11-12, | GCC29 7-2 7-2 13 (Preview: patty paper, ruler)
31-32 SC13
363-364 | 365-366 367 368 17-18 7-3 7-3 14 grid paper, scissors
369-370 | 371-372 373 374 407,409 | 11-12 SC14 7-4 7-4 paper, scissors, metric ruler,
protractor
375-376 |377-378 379 380 7-5 7-5 15
381-382 |383-384 385 386 408 GCC30 7-6 7-6
387-388 | 389-390 391 392 408 21-22, 7-7 7-7 16
25-26
393-406,
410-412

*Key to Abbreviations: GCC = Graphing Calculator and Computer Masters
SC = School-to-Career Masters
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7 Mathematical Connections
J and Background

Continuity of Instruction

Prior Knowledge

In previous courses, students evaluated

radical expressions and equations involving

fractions. The Pythagorean Theorem is

reviewed in Chapter 1. In Chapter 6,

students solve proportions. Chapter 4

introduces students to the Angle Sum
Theorem.

This Chapter

This chapter provides students with an intro-
duction to trigonometry. Students learn how
to use the geometric mean to solve problems
involving side length. They solve problems
using the Pythagorean Theorem and its con-
verse. Trigonometric ratios are defined and
then used to solve right triangle problems.
Students also use the Law of Sines and the
Law of Cosines to solve non-right triangles.

/

Future Connections

Students gain a basic knowledge of trigono-
metric ratios from this chapter. This knowledge
will help them in higher-level math courses,
including pre-calculus and calculus. Architects,
surveyors, and civil engineers use trigonometric
ratios in their work.
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'."—y Geometric Mean

The geometric mean between two numbers is the
square root of their product. For two positive numbers a
and b, the geometric mean is the positive number x for
which the proportion a:x = x:b is true. This proportion
is equivalent to x = \Vab.

The geometric mean has a particular application to
a right triangle. If an altitude is drawn from the vertex
of the right angle of a right triangle to its hypotenuse,
then the two triangles formed are similar to the given
triangle and to each other. The measure of this altitude
is the geometric mean between the measures of the two
segments of the hypotenuse. Moreover, the measure of a
leg of the triangle is the geometric mean between the
measures of the hypotenuse and the segment of the
hypotenuse adjacent to that leg.

B The Pythagorean Theorem and
Its Converse

The Pythagorean Theorem states that in a right
triangle, the sum of the squares of the measures of the
legs equals the square of the measure of the hypotenuse.
The converse of the Pythagorean Theorem is useful in
determining whether given measures are those of a right
triangle. If the sum of the squares of the measures of
two sides of a triangle equals the square of the measure
of the longest side, then the triangle is a right triangle.
A Pythagorean triple is a group of three whole numbers
that satisfy the equation a® + b? = ¢?, where c is the
greatest number.

'{_—, Special Right Triangles

A 45°-45°-90° triangle is the only type of isosceles
right triangle. One of its special properties is that the
hypotenuse is V2 times as long as a leg, so the ratio of
the sides is 1:1: V2. A 30°-60°-90° triangle also has
special properties. The measures of the sides are x, xV3,

and 2x, giving the sides a ratio of 1:V3:2. Knowing
these properties can save you valuable time when you
are solving problems involving special right triangles.



y Trigonometry

A ratio of the lengths of the sides of a right
triangle is called a trigonometric ratio. The three most
common trigonometric ratios are sine, cosine, and
tangent, abbreviated sin, cos, and tan. Sine of £ A is the
measure of the leg opposite ZA divided by the meas-
ure of the hypotenuse. Cosine of 2 A is the measure
of the leg adjacent 2 A divided by the measure of the
hypotenuse. Tangent of ZA is the measure of the leg
opposite the angle divided by the measure of the leg
adjacent the angle. The value of this ratio does not
depend on the size of the triangle or the measures of
the sides.

Trigonometric ratios are used to find missing
measures of a right triangle. You only need to know
the measures of two sides or the measure of one side
and one acute angle. The inverse of each trigono-
metric ratio yields the angle measure. The inverses
are written sin~1, cos~1, and tan1.

B Angle of Elevation and
Depression

An angle of elevation is the angle between the
line of sight and the horizontal when an observer looks
upward. An angle of depression is the angle between
the line of sight and the horizontal when an observer
looks downward. Trigonometric ratios can be used to
solve problems involving angles of elevation and
depression. Angles of elevation and depression to two
different objects can be used to find the difference
between those objects.

J-& The Law of Sines

In trigonometry, the Law of Sines can be used to
find missing measures of triangles that are not right
triangles. Let AABC be any triangle with a, b, and ¢
representing the measures of the sides opposite the
angles with measures A, B, and C, respectively. Then
SH; A_ SH; B _ SH; € The Law of Sines can be used
to solve a triangle. This means finding the measure of
every side and angle. The Law of Sines can be used to
solve a triangle if you know the measures of two
angles and any side of a triangle, or if you know the
measures of two sides and an angle opposite one of
these sides of the triangle.

There is one case in which using the Law of
Sines to solve a triangle will yield an ambiguous
solution. If you know the measures of two sides and
an angle opposite one of the sides (SSA) and the angle
is acute, it is possible to find two different triangles.
One triangle will be an acute triangle, and the other
will be obtuse.

J-F The Law of Cosines

The Law of Cosines allows you to solve a
triangle in some situations when the Law of Sines
cannot be used. This occurs when you know the
measures of two sides and the included angle (SAS)
or three sides (SSS). Let AABC be any triangle with a,
b, and c representing the measures of sides opposite
angles with measures A, B, and C, respectively. Then
the following equations are true:

a2 =b? + 2 — 2bc cos A
b2 = a2 + ¢2 — 2ac cos B
2 =a%+ b2 — 2abcos C

Chapter 7 Right Triangles and Trigonometry



Key to Abbreviations:
TWE = Teacher Wraparound Edition; CRM = Chapter Resource Masters
Type Student Edition Teacher Resources Technology/Internet
Ongoing Prerequisite Skills, pp. 341, 348, | 5-Minute Check Transparencies GeomPASS: Tutorial Plus,
® 356, 363, 370, 376, 383 Prerequisite Skills Workbook, pp. 11-12, 17-18, Lessons 13, 14, 15, and 16
Practice Quiz 1, p. 363 21-22, 25-26, 31-32 www.geometryonline.com/
Practice Quiz 2, p. 383 Quizzes, CRM pp. 407-408 self_check_quiz
Mid-Chapter Test, CRM p. 409 www.geometryonline.com/
~ Study Guide and Intervention, CRM pp. 351-352, extra_examples

357-358, 363-364, 369-370, 375-376,
381-382, 387-388

Mixed pp. 348, 356, 363, 370, 376, Cumulative Review, CRM p. 410
Review 383, 390
Error Find the Error, pp. 348, 353, 380 | Find the Error, TWE pp. 345, 353, 380
Analysis Common Misconceptions, p. 372 | Unlocking Misconceptions, TWE p. 359
Tips for New Teachers, TWE p. 358

Standardized | pp. 348, 356, 362, 370, 372, TWE pp. 398-399 Standardized Test Practice
Test Practice 373, 376, 382, 390, 392, 398, | Standardized Test Practice, CRM pp. 411-412 CD-ROM

399 www.geometryonline.com/

standardized_test

Open-Ended | Writing in Math, pp. 348, 356, Modeling: TWE pp. 356, 376

Assessment 362, 369, 376, 382, 389 Speaking: TWE pp. 363, 370
Open Ended, pp. 345, 353, 360, | Writing: TWE pp. 348, 383, 390
367, 373, 380, 387 Open-Ended Assessment, CRM p. 405
Standardized Test, p. 399
Chapter Study Guide, pp. 392-396 Multiple-Choice Tests (Forms 1, 2A, 2B), ExamView® Pro (see below)
Assessment Practice Test, p. 397 CRM pp. 393—398 MindJogger Videoquizzes
Free-Response Tests (Forms 2C, 2D, 3), www.geometryonline.com/
CRM pp. 399-404 vocabulary_review
Vocabulary Test/Review, CRM p. 406 www.geometryonline.com/
: chapter_test
qu rl For more information on
Progress Yo Yearly ProgressPro, see p. 174. ExamView® Pro
Use the networkable ExamView® Pro to:
Geometry Lesson | Yearly ProgressPro Skill Lesson e Create multiple versions of tests.
7-1 Geometric Mean e Create modified tests for Inclusion students.
The Pythagorean Theorem and e Edit existing questions and add your own questions.
72 Its Converse e Use built-in state curriculum correlations to create
73 Special Right Triangles tests aligned with state standards.
- o Apply art to your test from a program bank of artwork.
7-4 Trigonometry
7-5 Angles of Elevation and Depression
7-6 The Laws of Sines
7-7 The Law of Cosines

For more information on Intervention and Assessment, see pp. T8-T11.
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http://www.geometryonline.com/self_check_quiz
http://www.geometryonline.com/extra_examples
http://www.geometryonline.com/standardized_test
http://www.geometryonline.com/vocabulary_review
http://www.geometryonline.com/chapter_test

Reading and Writing in Mathematics

Glencoe Geometry provides numerous opportunities to incorporate reading and writing
into the mathematics classroom.

Student Edition Additional Resources
e Foldables Study Organizer, p. 341 e Vocabulary Builder worksheets require students to
e Concept Check questions require students to verbalize define and give examples for key vocabulary terms as
and write about what they have learned in the lesson. they progress through the chapter. (Chapter 7 Resource
(pp. 345, 353, 360, 367, 373, 380, 387) Masters, pp. vii-viii)
e Writing in Math questions in every lesson, pp. 348, 356, e Proof Builder helps students learn and understand
362, 369, 376, 382, 389 theorems and postulates from the chapter. (Chapter 7
e Reading Study Tip, p. 364 Resource Masters, pp. ix—X)
e WebQuest, pp. 346, 390 e Reading to Learn Mathematics master for each lesson
(Chapter 7 Resource Masters, pp. 355, 361, 367, 373,
Teacher Wraparound Edition 379, 385, 391)
e Vocabulary PuzzleMaker software creates crossword,
* Foldables Study Organizer, pp. 341, 392 jumble, and word search puzzles using vocabulary lists
e Study Notebook suggestions, pp. 345, 349, 353, 360, that you can customize.
367,373, 380, 383 e Teaching Mathematics with Foldables provides
* Modeling activities, pp. 356, 376 suggestions for promoting cognition and language.
* Speaking activities, pp. 363, 370 e Reading Strategies for the Mathematics Classroom
e Writing activities, pp. 348, 383, 390 e WebQuest and Project Resources

e Differentiated Instruction (Verbal/Linguistic), p. 386
o @ Resources, pp. 340, 346, 354, 361, 368, 374,
381, 386, 389, 392

For more information on Reading and Writing in Mathematics, see pp. T6-T7.

A Venn diagram can help students understand the commonalities and differences in two or more concepts.
Show students the example below that compares and contrasts the Law of Sines and the Law of Cosines.
While studying Chapter 7, have students work in groups to make Venn diagrams for special right triangles
(Lesson 7-3) and for angles of elevation and depression (Lesson 7-5).

Law of Sines Law of Cosines

Chapter 7 Right Triangles and Trigonometry
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L) Notes 0 Right Triangles
and Trigonometry

thf You'll Learn

Have students read over the list

of objectives and make a list of Whaf You’ll Learn

any words with which they are

not familiar. Lessons 7-1, 7-2, and 7-3 Solve problems using K ey Vocabulary
the geometric mean, the Pythagorean Theorem, geometric mean (p. 342)
and its converse. Pythagorean triple (p. 352)

' Lessons 7-4 and 7-5 Use trigonometric ratios to trigonometric ratio (p. 364)
Why It's Important solve right triangle problems. Law of Sines (p. 377)

Lessons 7-6 and 7-7 Solve triangles using the Law of Cosi 385

Point out to students that this is Law of Sines and the Law of Cosines. aw of Cosines (p. 385)

only one of many reasons why

each objective is important. _F T

b
Others are provided in the W Y It’s Important

introduction to each lesson. . ) i
Trigonometry is used to find the measures of

the sides and angles of triangles. These ratios
are frequently used in real-world applications
such as architecture, aviation, and surveying.
You will learn how surveyors use trigonometry in
Lesson 7-6.

NCTM Local
Lesson  Standards Objectives
7-1 1,3,6,89 10
7-2 3,6
Preview

7-2 3,689 10
7-3 3,689 10
7-4 36,8910
7-5 3,689 10
7-6 3,689 10

7-6 3,6
Follow-Up

77 3,689,710

7-7 3,6 3
 Folow-Up ) Vocabulary Builder CELL

The Key Vocabulary list introduces students to some of the main vocabulary terms

Key to NCTM Standards: included in this chapter. For a more thorough vocabulary list with pronunciations of
1=Number & Operations, 2=Algebra, new words, give students the Vocabulary Builder worksheets found on pages vii and
3=Geometry, 4=Measurement, viii of the Chapter 7 Resource Masters. Encourage them to complete the definition
5=Data Analysis & Probability, 6=Problem of each term as they progress through the chapter. You may suggest that they add
Solving, 7=Reasoning & Proof, these sheets to their study notebooks for future reference when studying for the
8=Communication, 9=Connections, Chapter 7 test.

10=Representation

340 Chapter 7 Right Triangles and Trigonometry



Getting Started

Prerequisite Skills To be successful in this chapter, you'll need to master
these skills and be able to apply them in problem-solving situations. Review
these skills before beginning Chapter 7.

Getting Started

This section provides a review of
the basic concepts needed before

For Lesson 7-1

Proportions

Solve each proportion. Round to the nearest hundredth, if necessary.
3 _ 12
1.y =16 2.

4

For Lesson 7-2

(For review, see Lesson 6-1.)
c_8 e _6_ 1
5= 13.3 32075~ 10 y oz

e=24,f=12 y=4.5,z=10.75

Pythagorean Theorem

Find the measure of the hypotenuse of each right triangle having legs with the given
measures. Round to the nearest hundredth, if necessary.

5. 5and 12 13 6.

For Lessons 7-3 and 7-4

31-32.
(For review, see Lesson 1-3.)

6and 8 10 7. 15and 15 21.21 8. 14 and 27 30.41

Radical Expressions

Simplify each expression.

V38 2\/2 10.

For Lessons 7-5 through 7-7

(For review, see pages 744 and 745.)

V102 -5 5V/3 11. V392 - 362 15 12. % 72ﬂ

For

Angle Sum Theorem

Lesson

beginning Chapter 7. Page
references are included for
additional student help.

Additional review is provided in
the Prerequisite Skills Workbook,
pages 11-12, 17-18, 21-22, 25-26,

Prerequisite Skills in the Getting
Ready for the Next Lesson section
at the end of each exercise set
review a skill needed in the next
lesson.

Prerequisite
Skill

Using the Pythagorean
Theorem, p. 348

Simplifying Radical Expressions,
p. 356

Solving Equations That Involve
Fractions, p. 363

Angles Formed by Parallel
Lines and a Transversal, p. 370

Solving Proportions, p. 376

Find x. (For review, see Lesson 4-2.)
98 14. 115 15. 23 2X+21 72
7-4
® FOLDABLES
A BI'E Right Triangles and Trigonometry Make this Foldable to help you organize 7-5
Study organizer your notes. Begin with seven sheets of grid paper.
7-6
E&ZXE Fold EZ¥1 stack 77

Fold each sheet along the
diagonal from the corner of
one end to 2.5 inches away
from the corner of the other
end.

X staple

Staple the sheets in three
places.

your Foldable.

Evaluating Expressions, p. 383

Stack the sheets, and fold
the rectangular part in half.

N

HZX] Label

Label each sheet with a
lesson number, and the
rectangular part with the
chapter title.

Reading and Writing As you read and study the chapter, write notes, define terms, and solve problemy

Study Organizer

For more information
about Foldables, see
Teaching Mathematics
with Foldables.

Chapter 7 Right Triangles and Trigonometry 341

Journals and Visuals Use this Foldable journal for writing about right
triangles and trigonometry. After students make their triangle-shaped
journal, have them label the front of each triangle to correspond to
the seven lessons in this chapter. Under the tabs of their Foldable,
students take notes, define terms, solve problems, and write examples
of how laws are used. On the front of each section, ask students to
design a visual (graph, diagram, picture, chart) that presents the
information introduced in the lesson in a concise, easy-to-study
format. Encourage students to label their visuals and write captions.

Chapter 7 Right Triangles and Trigonometry 341



3 Lesson
Notes

1 Focus

Geometric Mean

What | You'll Learn

Find the geometric mean between two numbers.

7

Solve problems involving relationships between parts of a right triangle and the
altitude to its hypotenuse.

. can the geometric mean be
-Min heck ) T
? “:: ute ﬁ e;_] U Vocab UIarY HOW used to view paintings?
. - sPare 4 Al geometric mean —
quiz Or review of Chapter 6. When you look at a painting, you should stand
at a distance that allows you to see all of the
Mathematical Background notes details in the painting. The distance that creates
are available for this lesson on the best view is the geometric mean of the
340C distance from the top of the painting to eye
p- : level and the distance from the bottom of the

painting to eye level.

can the geometric mean
(B be used to view
paintings?

Ask students: GEOMETRIC MEAN The geometric mean between two numbers is the
positive square root of their product.

* What happens if you view the
painting at a distance that is

s than the geometric mean  NESIINET Key Concept I T YT

of the two distances described

Means and For two positive numbers a and b, the geometric mean is the positive number x where
above? You are too close to the Extremes the proportion a : x = x : b is true. This proportion can be written using fractions as
painting and cannot see all of it at In the equation x = ab, % = % or with cross products as x? = ab or x = Vab.

the two x's in x? represent
once. Your eyes must move left, the means, and @ and b
right, up, and down to see all the represent the extremes of

H inti the proportion. - i
details of the painting. T R® Ceometric Medn

e Name some other scenarios
where you would be best

.. . a. 4and 9
positioned at a geometric mean )

. 5 . Let x represent the geometric mean.
to view something. watching a 4 o )
program on television or a movie in % 9  Definition of geometric mean
a theatre, viewing a sports event, x2 =36 Cross products
seeing a production on a stage,
using a computer, skimming a book

Find the geometric mean between each pair of numbers.

X = \/?E Take the positive square root of each side.

N xX=6 Simplify.
or magazine, etc.
b. 6 and 15
o _x < ;
o 15 Definition of geometric mean
x% =90 Cross products
x = \/9_0 Take the positive square root of each side.
x=3V10 simplify.
x =95 Use a calculator.

342 Chapter 7 Right Triangles and Trigonometry
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E Geometry Software Investigation .
Right Triangles Formed by the Altitude

Use The Geometer's Sketchpad to draw a right triangle
XYZ with right angle Z. Draw the altitude ZW from the
right angle to the hypotenuse. Explore the relationships
among the three right triangles formed.

Think and Discuss

1. Find the measures of 2 X, ZXZY, LY, £ XWZ, /XZW,
£ YWZ, and ~YZW. See students’ work.

2. What is the relationship between the measures of Y w X
/X and £YZW? What is the relationship between
the measures of Y and ~XZW? They are equal.

3. Drag point Z to another position. Describe the
relationship between the measures of X and
£ YZW and between the measures of 2Y and £XZW. They are equal.

C. Make a conjecture about AXYZ, AXZW, and AZYW. They are similar.

ALTITUDE OF A TRIANGLE Consider right triangle z

XYZ with altitude WZ drawn from the right angle Z to the
hypotenuse XY. A special relationship exists for the three

right triangles, AXYZ, AXZW, and AZYW. X w ¥

[] Attitudes of Right Triangies ] B

J

Study Tip
Altitudes of a
Right Triangle

The altitude drawn to the
hypotenuse originates
from the right angle. The
other two altitudes of a
right triangle are the legs.

|;._, www.geometryonline.com/extra_examples Lesson 7-1 Geometric Mean 343

The results of the Geometry Software Investigation suggest the following theorem.

Theorem 7.1

If the altitude is drawn from the vertex of the

right angle of a right triangle to its hypotenuse,

then the two triangles formed are similar to the

given triangle and to each other. X w <
Example: AXYZ ~ AXWY ~ AYWZ

You will prove this theorem in Exercise 45.

By Theorem 7 1, since AXWY ~ AYWZ, the corresponding sides are proportional.
Thus, % T W Notice that XW and ZW are segments of the hypotenuse of the

largest triangle.

Theorem 7.2 J

The measure of an altitude drawn from the vertex

of the right angle of a right triangle to its hypotenuse
is the geometric mean between the measures of the

two segments of the hypotenuse. X w 2

Example: YW is the geometric mean of XW and ZW.

You will prove this theorem in Exercise 46.

Geometry Software Investigation

Students should recognize that if they were given just one angle measure other
than the right angle, they would have enough information to find all the other
angles represented in the figure. They should also see that given one segment
length, they could use proportions to find any of the other segment lengths in
the figure as well.

GEOMETRIC MEAN

In-Class €xample ggiv,:fé'.,

/

Find the geometric mean
between each pair of
numbers.

a. 2and 50 10
b. 25and 7 =13.2

ALTITUDE OF A TRIANGLE

In-Class Example Power |
Point™ %

&
Teaching Tip Remind students
that they automatically discard
the negative root when finding
the altitude or geometric mean
because these values represent
lengths, and lengths cannot be
negative.

#) n AABC, BD = 6 and
AD = 27. Find CD.

Dp

CD~12.7

Interactive
Chalkboard/l

PowerPoint®
Presentations

This CD-ROM is a customizable
Microsoft® PowerPoint®
presentation that includes:

« Step-by-step, dynamic solutions of
each In-Class Example from the
Teacher Wraparound Edition

« Additional, Try These exercises for
each example

* The 5-Minute Check Transparencies

« Hot links to Glencoe Online
Study Tools

Lesson 7-1 Geometric Mean 343
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- £ Pow
In-Class €Examples - |

E) KITES Ms. Alspach is
constructing a kite for her
son. She has to arrange
perpendicularly two support
rods, the shorter of which is
27 inches long. If she has to
place the short rod 7.25 inches
from one end of the long rod
in order to form two right
triangles with the kite fabric,
what is the length of the long
rod?

Study Tip

Square Roots
Since these numbers
represent measures, you
can ignore the negative
square root value.

27 in. ]

7.25in.
~ 32.39 in.

BFind cand d in AJKL.
K L

10
d C

Js M
e=20;d~11.2

Altitude and Segments of the Hypotenuse

In APQR, RS = 3 and QS = 14. Find PS. P, Q
Let x = PS.
RS _ Ps
PS S
§=§ RS =3,QS = 14,and PS = x § °
x 14 ! '
x2 =42 Cross products

X = \/ZE Take the positive square root of each side.

x =65 Use a calculator.

PS is about 6.5.

Ratios in right triangles can be used to solve problems.

Altitude and Length of the Hypotenuse

ARCHITECTURE Mr. Martinez is designing a walkway that must pass over an
elevated train. To find the height of the elevated train, he holds a carpenter’s
square at eye level and sights along the edges from the street to the top of the
train. If Mr. Martinez’s eye level is 5.5 feet above the street and he is 8.75 feet
from the train, find the distance from the street to the top of the train. Round
to the nearest tenth.

Draw a diagram. Let YX be the altitude Z
drawn from the right angle of AWYZ.

WX _ ¥X

YX zX

55 _ 875 _ _

875 — 7X WX = 5.5 and YX = 8.75

5.5ZX = 76.5625 Cross products

ZX =139 Divide each side by 5.5.

Mr. Martinez estimates that the elevated train
is 5.5 + 13.9 or about 19.4 feet high.

The altitude to the hypotenuse of a right triangle determines another relationship
between the segments.

Theorem 7.3

If the altitude is drawn from the vertex of the

right angle of a right triangle to its hypotenuse, Y
then the measure of a leg of the triangle is the
geometric mean between the measures of the

hypotenuse and the segment of the hypotenuse X W z
adjacent to that leg.

. XZ _ XY Xz _ zvy
Example: a7 and YZ = Wz

You will prove Theorem 7.3 in Exercise 47.

344 Chapter 7 Right Triangles and Trigonometry

DAILY
INTERVENTION
b

20r Jad " Intrapersonal Allow students to sit quietly and explore similarities and

\\ differences between Theorem 7.2 and Theorem 7.3. Encourage students
to use the examples in the book or create their own to reinforce the
concepts outlined in these two theorems. Ask students to think and

Differentiated Instruction

344 Chapter 7 Right Triangles and Trigonometry

write about why the formulas for geometric mean work for a right
triangle with an altitude drawn to its hypotenuse.




Hypotenuse and Segment of Hypotenuse

Find x and y in APQR. R

E and @ are legs of right triangle POR.
Use Theorem 7.3 to write a proportion

for each leg and then solve. S
2
5 PR _ PQ PR _ RQ
Study Tip PQ T PS RQ T SR Py —a
Simplifying 6_J PS=2,PQ=y,PR=6 b_x RS=4,RQ=xPR=6
Radicals y 2 x4
Remember that \/12 = Y =12 Cross products X% =24 Cross products
\V/4-\V/3. since V4 =
2,V =2V y= \/E Take the square root. X = \/2_4 Take the square root.

For more practice
simplifying radicals,
see pages 744 and 745.

Check for Understanding

Concept

1. Sample answer:

2 and 72

3. lan; his proportion

shows that the altitude
is the geometric mean
of the two segments of H
the hypotenuse.

y= 2\V/3 Simplify. x=2V6 Simplify.

y=35 Use a calculator. x =49 Use a calculator.

Check 1. OPEN ENDED Find two numbers whose geometric mean is 12.

2. Draw and label a right triangle with an altitude drawn from the right angle.
From your drawing, explain the meaning of the hypotenuse and the segment of
the hypotenuse adjacent to that leg in Theorem 7.3. See margin.

the measure of altitude SU.

3. FIND THE ERROR ARST is a right isosceles triangle. Holly and Ian are finding

olly Ian
R _su RU _ SU
sU” RT su - uT S
4 7 x
X 14 7 ) 99
X% = 1%8.6
Xt =49
x = V86 R 7 7] 7
x=17
X =11.8

Who is correct? Explain your reasoning.

Guided Practice  Find the geometric mean between each pair of numbers.

IR ad 4 9and4 6

5. 36 and 49 42

/3~6.9 2V/3~3.5

Exercises | Examples
4-7
8,9 2
10-12

1 Find the measure of the altitude drawn to the hypotenuse.

F

8. A, 9. E
3,4 D
6
G
B H 12
¢ ! 16

2V3~35

6. 6 and 8 7. 2\/5 and 3\/5

' 4V/3~6.9

Lesson 7-1 Geometric Mean 345

Answer

2. For leg CB, DB is the segment of the

hypotenuse that shares an endpoint.
Thus, it is the adjacent segment. The
same is true for leg AC and segment AD.

D,

D

3 Practice/Apply

Study Notebook

Have students—

* add the definitions/examples of
the vocabulary terms to their
Vocabulary Builder worksheets for
Chapter 7.

* include any other item(s) that they
find helpful in mastering the skills
in this lesson.

DAILY
FIND THE ERROR
\;/({(V\ T\ Askstudents to

t name the hypotenuse
of ARST, and point out that
Ian correctly found the geometric
mean between the two segments
of the hypotenuse, as the rule
states in Theorem 7.2.

About the Exercises...

Organization by Objective

* Geometric Mean: 13-20

e Altitude of a Triangle:
21-32

Odd/Even Assignments
Exercises 13-32 are structured
so that students practice the
same concepts whether they
are assigned odd or even
problems.

Alert! Exercise 40 requires the
Internet or other research
materials.

Assignment Guide

Basic: 13-31 odd, 3543 odd,
44, 48-66

Average: 13-43 odd, 44, 48-66

Advanced: 14-44 even, 45-63
(optional: 64-66)
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Find x and y.
p- 351 (shown) and p. 352 10. y— 2\/5; c . y=6y= 4\/5 c

Geometric Mean The geometric mean between two numbers is the square root of — 33
their product. For two positive numbers a and b, the geometric mean of a and b is the y=

Study Guide and Intervention,

positive number ¥ in the proportion ¢ = . Cross multiplying gives x* = ab, sox = Vab. Y 9 ‘/3
Find the geometric mean between each pair of numbers.
a. 12 and 3 b. 8 and 4

WL, e B E D 3 A 5 : D2 A

2 =36 Cross muliply. %= 32#

SRl I Application 12. DANCES Khaliah is making a banner for the T
dance committee. The banner is to be as high as i O

Find the geometrc mean btweencachprr ol nombers. the wall of the gymnasium. To find the height — /

: ) ’ of the wall, Khaliah held a book up to her eyes
Bomds Vol =73 ezandzd so that the top and bottom of the wall were in /
5 2VEand 5VE VIB~42 6. 4and 25 10 line with the top edge and binding of the cover. /
7.V una V6 8% ~ 2.1 8. 10.and 100 V1000 ~ 31.6 If Khaliah's eye level is 5 feet off the ground and ;
o tual [T~04 10,22 22 [2 207 she is standing 12 feet from the wall, how high
11.4and 16 8 12.3and 24 V72 ~ 85 is the wall? 33.8 ft

The geometric mean and one extreme are given. Find the other extreme.

13. V24 is the geometric mean between a and b. Find b if a = 2. 12

14. V12 is the geometric mean between a and b. Find b ifa = 3. 4

whether each is always, imes, or never true.
15. The geometric mean of two positive numbers is greater than the average of the two
er

Tho ot Practice and Appl

16. If the geometric mean of two positive numbers is less than 1, then both of the numbers
are less than 1. sometimes

. i w Find the geometric mean between each pair of numbers.
Skills Practice, p. 353 and 13. 5and6  14. 24and 25 15. V45and VB0 16. \/2_8 and V1372

Practice, p. 354 (shown) For See
Find the geometric mean between each pair of numbers to the nearest tenth. Exercises Examples 17. é and 1 18. 8\/_ d 6\/5 19. 2_\/5 and 5_\/5 20 = and é
1.8and 12 2.3V7 and 6V7 3.4 and2 13-20 1 5 6 6 7
Vg ~ 0. VAZE ~ 1. T, 21-26 2 . )
woe e Jimo 27-32 34 Find the measure of the altitude drawn to the hypotenuse.

Find the measure of each altitude. State exact answers and answers to the nearest 6 7 22. F 12 23. J 8 M 16 K

tenth. Extra Practice
4y 5 ey See page 766. \G
L N 4
e i « 1
V60 ~7.7 V102 ~ 10.1

rts N 14.10V/6 ~ 24.5

Vow 26. X
~ Z
V184 ~ 13.6; V248 ~ 15.7; V14 ~ 10.7; V50 ~ 12.2; 15. ZVE ~1.1 13
V713 ~ 267 V475 ~ 218 16. 14 10
U T

VAR e 17. V35

~ 25
L = 5 08 \/14 ~121 V26 ~ 5.1 Y ]
45/ VT3 ~as;08 1555 V300 = 172 18.12_94 Find x, y, and z. 27-32. See margin.

10. CIVIL ENGINEERING An airport, a factory, and a shopping center are at the vertices of a
Tight triangle formed by three highways, The airport and factory are 6.0 miles apart. Their
distances from the shopping center are 3.6 miles and 4.8 miles, respectively. A service road 1 g
will be constructed from the shopping center to the highway that connects the airport and -
factory. What is the shortest possible length for the service road? Round to the nearest

20. —— =

5
V5
hundredth. 2.88 mi 3
V65
7

Reading to Learn

Mathematics, p. 355 ELL

Pre-Activity How can the geometric mean be used to view paintings? 30
Read the introduction to Lesson 7-1 at the top of page 342 in your textbook.
© What is a disadvantage of standing too close to a painting? 10
Sample answer: You don’t get a good overall vlew X
* What s a disadvantage of standing too far from a painting?

Sample answer: You can’t see all the details |n the painting.

Reading the Lesson

1. In the past, when you have seen the word mean in mathematics, it referred to the
average or arithmetic mean of the two numbers. /

a. Complete the following by writing an algebraic expression in each blank.

N

If a and b are two positive numbers, then the geometric mean between a and b is X
a+b
Vab_ and their arithmetic meanis 2 .
b. Explain in words, without using any mathematical symbols, the difference between 346 Chapter 7 Right Triangles and Trigonometry
the geometric mean and the algebraic mean. Sample answer: The geometric
mean between two numbers is the square root of their product. The
arithmetic mean of two numbers is half their sum.

2. Let r and s be two positive numbers. In which of the following equations is z equal to the
geometric mean between r and s? A, C, D,
Af=%2 BL=% Csz=2zr DL=%2 EZ-%2 FEZ2-I

i 27z Gemzmzr D=y By BT

3. Supply the missing words or phrases to complete the statement of each theorem.

Enrichment, p. 356

a. The measure of the altitude drawn from the vertex of the right angle of a right triangle
to its hypotenuse is the_9€OMEtric Mean yetween the measures of the two

segments of the __hypotenuse Mathematics and Music
b. If the altitude is drawn from the vertex of the right angle of a right Pythagoras, a Greek philosopher who lived during the sixth century ..,
triangle to its hypotenuse, then the measure of a leg of the triangle believed that all nature, beauty, and harmony could be expressed by whole-

number relationships. Most people remember Pythagoras for his teachings

is the _gEOMEHric MeAN petween the measure of the hypotenuse and the segment about right mangles (The sum of the squares of the legs equals the square of
of the ___hypotenuse  ,giacent to that leg, the ) But goras also discovered between the
— 4 X X musical notes of a scale. These relationships can be expressed as ratios.
c. If the altitude is drawn from the _____ VEeX  of the right angle of a right
triangle to its ___NYPOENUSE _ then the two triangles formed are ? E ‘;3 f ‘23 /; }: C]
____ similar ¢, the given triangle and to each other. 1 9 5 4 3 5 152
Helping You Remember ‘When you play a stringed instrument, The C string can be used 3 1 sing
you produce different notes by placing to produce F by placing :

4. A good way to remember a new mathematical concept is to relate it to something you
already know. How can the meaning of mean in a proportion help you to remember how o ﬁ“‘ie' on dl‘"er'eﬁ" places o 5"‘;‘5
to find the geometric mean between two numbers? Sample answer: Write a Tf e ?be result of neng the lengtl
proportion in which the two means are equal. This common mean is the of the vibrating part of the string.
geometric mean between the two extremes.

a finger 5 of the way
along the string.

346 Chapter 7 Right Triangles and Trigonometry



40. Sample answer:
The golden ratio
occurs when the
geometric mean is
approximately 1.62.

The geometric mean and one extreme are given. Find the other extreme.
[133. V17 is the geometric mean between a and b. Find bifa = 7. H
[0 34. V12is the geometric mean between x and y. Find x if y = V3. 4\/5 ~ 6.9

Determine whether each statement is always, sometimes, or never true.

35. The geometric mean for consecutive positive integers is the average of the
two numbers. never

36. The geometric mean for two perfect squares is a positive integer. always
37. The geometric mean for two positive integers is another integer. sometimes

38. The measure of the altitude of a triangle is the geometric mean between the
measures of the segments of the side it intersects. sometimes

39. BIOLOGY The shape of the shell of a
chambered nautilus can be modeled by
a geometric mean. Consider the sequence

of segments OA, OB, OC, OD, OE, OF,
OG, OH, OI, and OJ. The length of each
of these segments is the geometric mean
between the lengths of the preceding
segment and the succeeding segment.
Explain this relationship. (Hint: Consider

AFGH.) See margin. |

% 40. RESEARCH Refer to the information at the left. Use the Internet or other

You can use geometric
mean and the Quadratic
Formula to discover the
golden mean. Visit
www.geometry
online.com/webquest
to continue work on
your WebQuest project.

(g/' www.geometryonline.com/self_check_quiz

resource to write a brief description of the golden ratio.

41. CONSTRUCTION In the United States,
most building codes limit the steepness of
the slope of a roof to é, as shown at the
right. A builder wants to put a support
brace from point C perpendicular to AP.

Find the length of the brace. 2.4 yd

5yd
A 3yd c

USA TODAY Snapshots®
Bruins bring skills to MLS

Universities producing the most players
in Major League Soccer this season:

SOCCER For Exercises 42 and 43,
refer to the graphic.

L)
TODAY

42. Find the geometric mean
between the number of
players from Indiana and

North Carolina. \/ﬁ ~ 8.4

43. Are there two schools whose
geometric mean is the same as
the geometric mean between
UCLA and Clemson? If so, which
schools? yes; Indiana and Virginia

44. CRITICAL THINKING Find
the exact value of DE, given
AD =12 and BD = 4. 2\/3

C

Clemson (&) 6

Source: MLS

By Ellen J. Horrow and Adrienne Lewis, USA TODAY

A D B

Lesson 7-1 Geometric Mean 347
Kaz Chiba/PhotoDisc

Answers (p. 346)

27.x= 2\/_ 9.4;y= \/ ~57;z=2V6~4.9

28.x—? y—10 z——
29.X—Ty

3
z—10\/_~141

30.x=2V21 z9.2;y=21;z=25
31. x=6V6 ~14.7; y = 642 ~ 38.9; = 36\/7 ~ 95.2
32.x=4V6~98;y=4V2~57;z=4V3~6.9

Answers

39. AFGHis a right triangle. OG is
the altitude from the vertex of the
right angle to the hypotenuse of
that triangle. So, by Theorem 7.2,
0G is the geometric mean between
OF and OH, and so on.
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http://www.geometryonline.com/webquest

Write the specified type proof for each theorem. 45-47. See p. 399A.
4 As 565 5 45. two-column proof 46. paragraph proof of 47. two-column proof
of Theorem 7.1 of Theorem 7.2 of Theorem 7.3
Open-Ended Assessment 48. WWHEUOZRINRZRNG]  Answer the question that was posed at the beginning

Writing Draw and label several (ff the lesson. See margin.

fi gures on the boar d, and ask How can the geometric mean be used to view paintings?
students to write down the correct
geometric mean proportions
without working out the problem.
Then have volunteers come to
the board and write appropriate

Include the following in your answer:

e an explanation of what happens when you are too far or too close to a
painting, and

¢ an explanation of how the curator of a museum would determine where to
place roping in front of paintings on display.

proportions that correspond with Standardized  49. Find x and y. € .
the figures, and allow seated Test Practice @ 4and 6 25and 7.5 = 6cm
students to check their work. e e e © 3.6and 6.4 @ 3and7

50. ALGEBRA Solve 52 + 405 = 1125. B | pon x|
Getting Ready for ® +15 ~12 | |
Lesson 7-2 © +4V3 @ =4
review the Pythagorean Theorem
and learn about its converse in Mixed eview Find the first three iterations of each expression. (Lesson 6-6)
Lesson 7-2. Use Exercises 64-66 51. 15, 18, 21 51. x + 3, where x initially equals 12 52. 3x + 2, where x initially equals 4
to determine your students 52. 14. 44. 134 53. x2 — 2, where x initially equals 3 54. 2(x — 3), where x initially equals 1
familiarity with using the T 7, 47, 2207 —4, —14, -34
Pythagorean Theorem. 55. The measures of the sides of a triangle are 20, 24, and 30. Find the measures

of the segments formed where the bisector of the smallest angle meets the
opposite side. (Lesson 6-5/ g8 441
9’ 9

Answers Use the Exterior Angle Inequality Theorem to list all angles .
48. Sample answer: The geometric that satisfy the stated condition. (Lesson 5-2) )
mean can be used to help 56. all angles with a measure less thanm/8 26, 24, /2, /3 (
determine the optimum viewing 57. all angles with a measure greater than m21 25, £7
distance. Answers should include 58. all angles with a measure less than m27 21, 26
the following. 59. all angles with a measure greater than m26 £2, £7, /8
* lf you are too far from a Write an equation in slope-intercept form for the line that satisfies the given
painting, you may not be able to conditions. (Lesson 3-4)
see fine details. If you are too 60. m =2, y-intercept = 4 y=2x+ 4
close, you may not be able to 61. x-intercept is 2, y-intercept = —8 y = 4x— 8
see the entire painting. 62. passes through (2, 6) and (=1,0) y = 2x+ 2
¢ A curator can use the geometric 63. m = —4, passes through (-2, —3) y = —4x — 11

mean to help determine how far
from the painting the roping
should be.

&&fﬁﬂg Ready for PREREQUISITE SKILL Use the Pythagorean Theorem to find the length of

the Next Lesson the hypotenuse of each right triangle.
(To review using the Pythagorean Theorem, see Lesson 1-4.)

64. 5cm 65. 5ﬁf7: 12 ft 131t 66.
3cm

4cm

V34 ~ 5.8 in.
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Geometry Activity

A Preview of Lesson 7-2

The Pythagorean Theorem

In Chapter 1, you learned that the Pythagorean Theorem relates the measures of the
legs and the hypotenuse of a right triangle. Ancient cultures used the Pythagorean

Theorem before it was officially named in 1909.

Use square pieces of patty paper and algebra. Then you too can discover this
relationship among the measures of the sides of a right triangle.

Activity

Use paper folding to develop the Pythagorean Theorem.

m On a piece of
patty paper, make a
mark along one side so
that the two resulting

a

b

SIEEY Use your

straightedge and pencil
to connect the marks as
shown at the right. Let ¢

Geometry
Activity

—

| R

A Preview of Lesson 7-2

Getting Started

Objective Physically explore
side-length relationships in the
Pythagorean Theorem.
Materials patty paper, ruler,
pencil

* For Step 2, have students use a
ruler and a pencil to draw the
lines that the creases make.

segments are not
congruent. Label one
as a and the other as b.

m Copy these a b

measures on the other
sides in the order shown | ,p b2 b
at the right. Fold the paper
to divide the square into

four sections. Label the all a2 ab a
area of each section.

represent the length of
each hypotenuse.

m Label the area

of each section, which is

Adpvise students that the key to
this activity is making sure
measures 2 and b are exactly the
same on both sheets of paper.
Without using a ruler, students
may use one marked edge of
the first paper to mark accurate
lengths on the second paper.
After Step 6, some students may

1 .
7 ab for each triangle and

c? for the square.

Place the squares side by side and

b . . i .
a color the corresponding regf)qs that ?ave the Sl skeptlcal s e alhee )
On another a b same area. For example, ab = Eﬂb + Eab. areas of the two pieces of patty
sheet of patty paper, ! .
mark thep sarﬁf lel:r)lgths ' paper are'equal. Point out that
a and b on the sides in o the two pieces of paper are the
the different pattern . b - same size, so they have the
shown at the right. a same area. Then ask students to
by . 22 [ cut out all the shaded triangles

from the second piece of paper
and arrange them so that they
fit over the shaded areas on the
first piece of paper.

Asse55

Exercises 1 and 2 provide students
with actual measurements they
can use to confirm the
Pythagorean Theorem. In
Exercise 3, students prove that
three lengths meet the criteria for
the Pythagorean Theorem.

The parts that are not shaded tell us that
a2 + b2 =2

Model

1. Use a ruler to find actual measures for a4, b, and c. Do these measures
measures confirm that a2 + b2 = ¢2? yes
2. Repeat the activity with different 2 and b values. What do you notice?
20 p2 _ p2
a‘+ b-=c¢
Analyze the model
3. Explain why the drawing at the right is an illustration of the

Pythagorean Theorem. Sample answer: The sum of the areas of the two
smaller squares is equal to the area of the largest square.

Geometry Activity The Pythagorean Theorem 349

.
. ) Resource Manager l

\amw Teaching Geometry with Glencoe Mathematics Classroom
Manipulatives Manipulative Kit

* p. 115 (student recording sheet) * rulers

e p. 17 (ruler)

Study Notebook

Ask students to summadrize what
they have learned about the
Pythagorean Theorem.
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The Pythagorean Theorem
and Its Converse

Whaf You’ll Learn

Use the Pythagorean Theorem.

Lesson
Notes

[J

1 Focus |

5-Minute Check
Transparency 7-2 Use as a
quiz or review of Lesson 7-1.

Use the converse of the Pythagorean Theorem.

are right triangles used to
build suspension bridges?

How

Vocabulary
Pythagorean triple

The Talmadge Memorial Bridge over the
Savannah River has two soaring towers of
suspension cables. Note the right triangles
being formed by the roadway, the
perpendicular tower, and the suspension
cables. The Pythagorean Theorem can be

Mathematical Background notes
are available for this lesson on

p. 340C. used to find measures in any right triangle.
. . Study Ti
H are right triangles used
oW to build suspension Look Back THE PYTHAGOREAN THEOREM 1In Lesson 1-3, you used the Pythagorean

bridoes? To review finding the Theorem to find the distance between two points by finding the length of the

riages: hypotenuse of a right hypotenuse when given the lengths of the two legs of a right triangle. You can also
Ask students: triangle, see Lesson 1-3. find the measure of any side of a right triangle given the other two measures.
* How can you reword the

Pythagoréan Theorem by Theorem 7.4 _

Pythagorean Theorem In a right triangle, the
parts of the Talmadge Memorial sum of the squares of the measures of the legs

c
a
Br1dge for the legs al:ld Egszise'::::-quare of the measure of the A
hypotenuse of the triangle? The A b e
sum of the squares of the measure Bty 6 4 B =
of the height of the tower from the
roadway and length of the roadway
from the tower to the end of the
bridge equals the square of the

substituting the names of the

The geometric mean can be used to prove the Pythagorean Theorem.

Pythagorean Theorem

measure of the cable. Given: AABC with right angle at C c
* You may notice that most Prove: a2 + b2 =2 ,
suspension cables have some Proof: yau

slack in them. In this case, does
the actual length of the cable

Draw right triangle ABC so C is the right angle. B
Then draw the altitude from C to AB. Let AB = ¢, |

satisfy the criteria of the AC =b,BC =a, AD = x, DB =y, and CD = h. ! ‘ !
Pythagorean Theorem? Explain. Two geometric means now exist.

No; a suspension cable is cut to < _
allow for expansion and contraction !
due to temperature changes, and
when it has slack, its length actually
exceeds the length required to
satisfy the Pythagorean Theorem.

and ==

< |2
S}
=

a?=cy and b2 = cx Cross products
Add the equations.

a> + b =cy + cx

a? + b2 =c(y + x) Factor.

a2 + b2 =2 Since ¢ = y + x, substitute ¢ for (y + x).
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More About. . .

Due to the curvature

of Earth, the distance
between two points is
often expressed as degree
distance using latitude
and longitude. This
measurement closely
approximates the
distance on a plane.
Source: NASA

;'_'-..,' www.geometryonline.com/extra_examples

Find the Length of the Hypotenuse

* LONGITUDE AND LATITUDE NASA Dryden
is located at about 117 degrees longitude and .
34 degrees latitude. NASA Ames is located at 58 E NASA
about 122 degrees longitude and 37 degrees Ames
latitude. Use the lines of longitude and latitude
to find the degree distance to the nearest tenth
between NASA Dryden and NASA Ames.

36" —]

NASA
The change in longitude between the two 3 B
locations is (117-122Cor 5 degrees. Let this ‘
distance be a. 1220 1200 118 116°

The change in latitude is [(B7-340or 3 degrees
latitude. Let this distance be b.

Use the Pythagorean Theorem to find the distance in degrees from NASA Dryden
to NASA Ames, represented by c.

a% + b2 = 2 Pythagorean Theorem
524+ 32=c% a=5b=3
25+ 9 =c2 simplify.
34 =c2 Add
\/3_4 = Take the square root of each side.

5.8 = Use a calculator.

The degree distance between NASA Dryden and NASA Ames is about 5.8 degrees.

Find the Length of a Leg

Find x. X
(XY)? + (YZ)? = (XZ)?  Pythagorean Theorem i
72+ 22 =142  xy=7XZ=14 7in. '
49 + x= =196 Simplify.
x2 =147 Subtract 49 from each side. Y xin z
x = V147 Take the square root of each side.
x = 7\/5 Simplify.
x =121 Use a calculator.

CONVERSE OF THE PYTHAGOREAN THEOREM The converse of the

Pythagorean Theorem can help you determine whether three measures of the sides
of a triangle are those of a right triangle.

Theorem 7.5

Converse of the Pythagorean Theorem If the sum of the B
squares of the measures of two sides of a triangle equals
the square of the measure of the longest side, then the
triangle is a right triangle.

Symbols: If a2 + b2=c%, then AABC is a right triangle.

You will prove this theorem in Exercise 38.

Lesson 7-2 The Pythagorean Theorem and Its Converse 351
StockTrek/PhotoDisc

THE PYTHAGOREAN
THEOREM

In-Class Examples - |

DLONGITUDE AND LATITUDE
Carson City, Nevada, is
located at about 120 degrees
longitude and 39 degrees
latitude. Use the lines of
longitude and latitude to find
the degree distance to the
nearest tenth degree if you
were to travel directly from
NASA Ames to Carson City,
Nevada. about 2.8 degrees

Teaching Tip Students can
also rewrite the Pythagorean
Theorem as b? = ¢? — a? or
a? = ¢2 — b? when they are
using it to find the measure of
either leg of a right triangle.

6cm dem
R

Building on Prior
Knowledge

Students used the Distance
Formula in Chapter 1 when they
were learning how to calculate
segment lengths. In this lesson,
they use this formula to verify the
side lengths of right triangles.

Lesson 7-2 The Pythagorean Theorem and Its Converse 351
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CONVERSE OF THE Verify a Triangle is a Right Triangle

PYTHAGOREAN THEOREM . COORDINATE GEOMETRY  Verify that APQR Qs 6y T
sf”dy Tip is a right triangle. — R(5, 5)]

[ n—Class bxamples -l Distance Formula Use the Distance Formula to determine the lengths h /
> When using the Distance of the sides. ™ /
Formula, be sure to follow
COORDINATE G EO M ETRY the order of operations 5 > P(3,2)-
Verify that AABC is a right carefully. Perform the PQ=V(3=32+(6—22 x,=3y,=2x,=-3y,=6 5 >
triangle. operation insi_de the N /(—6)2 442 Subtract.
parentheses first, square
y each term, and then add. = \/5_2 Simplify.
[o] X
g}
| — — /((121) QR:\/[S_(_3)]2+(5_6)2 X =3y =6x=5Yy,=5
ANL =V &+ (1) Subtract.
(9, -3\ =Ve5 simpliy.
N /
C3 -7) PR=VEG-32+(5-22 x,=3y,=2x=5y,=5
=V22+ 32 Subtract.
AB = \V/104; BC = \/52; VB -
] ’ =V13 Simplify.
AC ='V52; AABC is a right
triangle because By the converse of the Pythagorean Theorem, if the sum of the squares of
AC? + BC? = AB?, the measures of two sides of a triangle equals the square of the measure
of the longest side, then the triangle is a right triangle.
BDfetermme whethﬁr eg(;:h seft PQ? + PR? = QR? Converse of the Pythagorean Theorem
q meas'ures are the sides of a (\/5_2>2 + <\/E)2 2 (%)2 PQ — \/5’ PR — \/E, OR = N
right triangle. Then state . o
whether they form a 52413 265 Simplify.
Pythagorean triple. 65 = 65 Add.
Since the sum of the squares of two sides equals the square of the longest side,
a. 9,12, and 15 APQR is a right triangle.

The segments form the sides of a
right triangle, and the measures

form a Pythagorean triple.
A Pythagorean triple is three whole numbers that satisfy the equation a? + b% = ¢?,

b. 21,42, and 54 where c is the greatest number. One common Pythagorean triple is 3-4-5, in which
The segments do not form the the sides of a right triangle are in the ratio 3:4:5. If the measures of the sides of any
sides of a right triangle, and the right triangle are whole numbers, the measures form a Pythagorean triple.
measures do not form a
Pythagorean triple. = .

yiag n ZEIEY Pythagorean Triples
4\/5, 4, and 8

Determine whether each set of measures can be the sides of a right triangle.
Then state whether they form a Pythagorean triple.

a. 8,15,16
Since the measure of the longest side is 16, 16 must be ¢, and a or b are 15 and 8.

The segments form the sides of a
right triangle, but the measures
do not form a Pythagorean triple.

a2+ b2 =2 Pythagorean Theorem
82+ 152 2162 a=8b=15c=16
64 + 225 2 256  Simplify.
289 # 256 Add.

Since 289 # 256, segments with these measures cannot form a right triangle.
Therefore, they do not form a Pythagorean triple.

352 Chapter 7 Right Triangles and Trigonometry

DAILY
INTERVENTION Differentiated Instruction

: ' Visual/Spatial Explain that many artists use right triangles in their works
(B because they are so appealing to the eye. Right triangles can serve as
guidelines to draw mountains in the background or to create vanishing
points and perspective. Ask students to construct one or more right
triangles on a blank sheet of paper, find the lengths of the sides and

then try to compose a picture using the triangle in an image or as a

guide for an image. Examples could be a picture of a road vanishing in
the distance or a house with right triangles as part of its roof. Y,

352 Chapter 7 Right Triangles and Trigonometry



b. 20, 48, and 52

R2rrR =22 Pythagorean Theorem 3 Pracfice/APP’Y

202 + 482 2 522 g =20,b =48, ¢ = 52
400 + 2304 2 2704  Simplify.
2704 = 2704 Add.
These segments form the sides of a right triangle since they satisfy the Sfudy Nof&book

Pythagorean Theorem. The measures are whole numbers and form a

Study Tip Pythagorean triple. Have students—

Comparing \/ \/ * add the definitions/examples of
Numbers ¢ sand the vocabulary terms to their
If you cannot quickly
identify the greatest a2+ b2 =c2  Pythagorean Theorem Vocabulary Builder worksheets for
number, use a calculator >
to find decimal values (ﬁ)z 4 (ﬁ)z 2 (i) a= ﬁ b= ﬁ c= 3 Chdp fer 7.
for each number and > > > ° 0 « include any other item(s) that they
compare. i i » i i i . ) ) .
s T s Los  Simplify find helpful in mastering the skills
9 o in this lesson.
25 = 25 Add.
Since 295 25, segments with these measures form a right triangle. However,
the three numbers are not whole numbers. Therefore, they do not form a
Pythagorean triple.

FIND THE ERROR

8! A Point out that in
e an right triangles, the

Check for Understanding hypotenuse is always the longest

side because it is opposite the 90°

Concepf Check 1. FIND THE ERROR Maria and Colin are determining whether 5-12-13 is a angle_ Students have to make
Pythagorean triple. sure that the value they use to

1. Maria; Colin does Colin Maria CheCk e i et velve
not have the longest L . given. Also, tell students that the
side as the value of c. a“tb e a> +b*=¢ order of @ and b does not matter.

) 132 +5% - 122 57 + 1222 137 Maria could have used 12 for a
2. Slgctehthe numl:e_rsl 169 +125 =144 25 + 1442 169 and 5 for b, and she still would
in a Pythagorean triple 193 & 144 s 15
satisfy the equation 52 169 = 169 have been correct.
& + b? = ¢, they ne ves

represent the sides of
a right triangle by the

Who is correct? Explain your reasoning.

About the Exercises...

converse of the 2. Explain why a Pythagorean triple can represent the measures of the sides of a
Pythagorean Theorem. right triangle. Organization by Objective
3. OPEN ENDED Draw a pair of similar right triangles. List the corresponding ® The Pythagorean Theorem:
sides, the corresponding angles, and the scale factor. Are the measures of the 12-17
sides of each triangle a Pythagorean triple? See margin. e Converse of the
Guided Practice  Find x. Pythagorean Theorem:
GUIDED PRACTICE KEY JES " 8 5. 4 % 6. 42.5 18-29
Exerci Exampl Y, .
xim:es xa";p & 6 ) s Odd/Even Assignments
6 1 < 3 ' Exercises 12-29 are structured
7 3 so that students practice the
8-10 4 2 same concepts whether they
are assigned odd or even
Lesson 7-2 The Pythagorean Theorem and Its Converse 353
problems.
' Alert! Exercises 48 and 49
Answers require a graphing calculator.
3 v Sa:‘i"[":a“sl":’;_ﬁ‘m ~ Agff ) é_é' ";;CLD’ — Eﬂ‘f’ Assignment Guide
an = 5 correspondas to UL, corresponas to -
5 s o ) tpﬁr e ceale o - N Basic: 13-17 odd, 41, 43-70
an corresponas to e scale 1actor Is =. NO;
e 0 “: I M) Average: 1343 odd, 44-70
e measures of the sides do not form a Pythagorean triple
6 . -
since 6V/5 and 3V/5 are not whole numbers. GLITTIECR TP v, 460
- E (optional: 61-70)

12
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Study Guide and Intervention,
p- 357 (shown) and p. 358

The Pythagorean Theorem In a right triangle, the sum of the
squares of the measures of the legs equals the square of the measure of
the hypotenuse.

o

S

AABC is a right triangle, so a® + b% = ¢2.

Prove the Pythagorean Theorem.

With altitude CD, each leg a and b is a geometric mean between
hypotenuse ¢ and the segment of the hypotenuse adjacent to that leg.
57%%(1%7%50# = ¢y and b2 = cx.

Add the two equations and substitute ¢ = y + x to get

a? + b2 =cy +ex = cly + x) = c.

N

®

Example 2
a. Find a. b. Find c.
B~ N
20| <
d A
3 Joam— Y
a? + 5% = pytnagorean Theorem

a? + b2 = c?  Pyhagorean Theorem
20° + 302 =c? a-206-30
400 + 900 = ¢ simpity

a2+ 122=132 p-12c-13
a® + 144 = 169 simpity.

5
at=25 st 1300 = ¢ Add
@=5  Tokatho scuare oot ofsach i VI300 = ¢ Take the squar roo of each sice.
36.1~c  Usoacautor
Find x.
1 2 __x 3.
YN 7 ] :“
q
I3 & T
18 ~4.2 12 60

4. 3 5. 6.
o e R~ e
N 3
% V1345 =~ 36.7 V663 =~ 25.7

Skills Practice, p. 359 and
Practice, p. 360 (shown)

Find x.
1. 2. 3. 2%
2 pd, Xy
W ¥ 4
V698 ~ 26.4 V715 = 26.7 V595 =~ 24.4
4. 34 5. 6. " 2
1y PERN
- T —a—
V1640 ~ 40.5 V60 =77 V135 = 11.6

Determine whether AGHI is a right triangle for the given vertices. Explain.
7.G(2,T), H3, 6), I(~4, ~1)

yes; GH = V2, HI = V/98,

8.G(-6,2), H(1,12),1(-2,1)

no; GH = V149, HI = V130,

16 = V100, 16 = V7,

(V2)? + (Ves) = (Vioo)? (V130)? + (VI7)? # (VAag)?
9.G(-2,1),H3, ~1), I(-4, —4) 10. G(-2,4), H(4,1),I(-1, -9)

ves; GH = /29, HI = /58, yes; GH = /5, HI = /125,

16 =23, 16 = V70,

(Vas)? + (Vas)* = (VBa) (Vas)? + (Vi25) = (ViTo)?

Determine whether each set of measures can be the measures of the sides of a
right triangle. Then state whether they form a Pythagorean triple.

11.9,40, 41 12.7, 28,29 13.24, 32,40
yes, yes no, no yes, yes
9 12 12V2 Vi 2V3 4
4.3, 553 155, 551 167 S
yes, no yes, no yes, no
17. CONSTRUCTION The bottom end of a ramp at a warehouse is dock

10 feet from the base of the main dock and is 11 feet long. How

high is the dock? about 4.6 ft high ’

"
Tamp.
—0n—i

Reading to Learn
Mathematics, p. 361 ELL

Pre-Activity How are right triangles used to build suspension bridges?
Read the introduction to Lesson 7-2 at the top of page 350 in your textbook.
Do the two right triangles shown in the drawing appear to be similar?
Explain your reasoning. Sample answer: No; their sides are not
proportional. In the smaller triangle, the longer leg is more than
twice the length of the shorter leg, while in the larger triangle,
the longer leg is less than twice the length of the shorter leg.

Reading the Lesson

1. Explain in your own words the difference between how the Pythagorean Theorem is used
and how the Converse of the Pythagorean Theorem is used. Sample answer: The
Pythagorean Theorem is used to find the third side of a right triangle if
you know the lengths of any two of the sides. The converse is used to
tell whether a triangle with three given side lengths is a right triangle.

. Refer to the figure. For this figure, which statements are true?
’
Am?+n? = p? B.n>=m?+p? B,E,F,G 7

©

Application

7. COORDINATE GEOMETRY Determine whether AJKL with vertices [(-2, 2),
K(-1, 6), and L(3, 5) is a right triangle. Explain.
2 2 2
yes; JK = /17, KL = V17, JL = V38, (V1TF + (VA7) = (V/34)
Determine whether each set of numbers can be the measures of the sides of a
right triangle. Then state whether they form a Pythagorean triple.

8. 15, 36,39 Yes, yes 9. V/40,20,21 no, no  10. \/44,8,\/108 yes, no

11. COMPUTERS Computer monitors are
usually measured along the diagonal of the
screen. A 19-inch monitor has a diagonal that
measures 19 inches. If the height of the screen
is 11.5 inches, how wide is the screen?

about 15.1 in.

11.5in.

O indicates increased difficulty

Practice and Apply

For : See
Exercises Examples

15 i 1
12,13,16,17 & 2
18-21 ¢ 3
22-29 4

Extra Practice
See page 767.

22. yes, yes
23. yes, yes
24. no, no
25. no, no
31. 5-12-13

Findxr. 12.V15~3.9 13.4V/3~6.9

12. 13. 8 14. 4N\/74 ~ 34.4
8 8 N
4 % 28
——1—] 0O\
14 50
15. o 16. 33 17. 20
15
P 32

:
8\V/H ~ 51.2 429 ~215

COORDINATE GEOMETRY Determine whether AQRS is a right triangle for the
given vertices. Explain. 18—21. See margin for explanations.

18. Q(1, 0), R(1, 6), S(9, 0) yes 19. Q@3, 2), R(0, 6), S(6, 6) No
20. Q(-4, 6), R(2, 11), S(4, -1) no 21. Q(-9, -2), R(-4, -4), S(-6, -9) yes

Determine whether each set of numbers can be the measures of the sides of a

32. Sample answer: The right triangle. Then state whether they form a Pythagorean triple.

triples are all multiples
of the triple 5-12-13.
33. Sample answer:
They consist of any
number of similar
triangles.

34. Yes; the measures
of the sides are always
multiples of 5, 12, and
13.

35a. 16-30-34;
24-45-51

35b. 18-80-82;
27-120-123

35¢. 14-48-50;
21-72-75

22. 8,15,17 23. 7,24,25 24. 20,21, 31 25. 37,12, 34

2%. + 7, \gg_‘l 27. % \f 2 a8 d2a 2. 8,5 10

yes, no no, no yes, no yes, no
For Exercises 30-35, use the table of Pythagorean triples. m
30. Copy and complete the table. 3 e o
31. A primitive Pythagorean triple is a Pythagorean triple 10 o4 226

with no common factors except 1. Name any primitive

Pythagorean triples contained in the table. 15 736 39

S 220 48 52

J

32. Describe the pattern that relates these sets of
Pythagorean triples.

33. These Pythagorean triples are called a family. Why do you think this is?
34. Are the triangles described by a family of Pythagorean triples similar? Explain.
35. For each Pythagorean triple, find two triples in the same family.

a. §,15,17 b. 9,40, 41 c. 7,24,25

354 Chapter 7 Right Triangles and Trigonometry

C.m?=n?+p? D.m? = p? - n? 7
E.p?=n?-m? F. n? —p? = m?
g

Gon = Vin? 1 p? Hp=Vm? - n?

3. Is the following statement true or false?
A Pythagorean triple is any group of three numbers for which the sum of the squares of the
smaller two numbers is equal to the square of the largest number. Explain your reasoning.
Sample answer: The statement is false because in a Pythagorean triple,
all three numbers must be whole numbers.

4.1fx,y, and z form a Pythagorean triple and & is a positive integer, which of the following
groups of numbers are also Pythagorean triples? B, D

A.3v,4y, 52 B.3x, 3y, 32 C.—3x, -3y, —3z D. kx, ky, kz

Helping You Remember

5. Many students who studied geometry long ago remember the Pythagorean Theorem as the
equation a2 + b2 = ¢, but cannot tell you what this equation means. A formula is useless
if you don’t know what it means and how to use it. How could you help someone who has
forgotten the Pythagorean Theorem remember the meaning of the equation a® + b2 = ¢2?
Sample answer: Draw a right triangle. Label the lengths of the two legs
as aand b and the length of the hypotenuse as c.

Enrichment, p. 362

354 Chapter 7 Right Triangles and Trigonometry

Converse of a Right Triangle Theorem

You have learned that the measure of the altitude from the vertex of
the right angle of a right triangle to its hypotenuse is the geometric

mean between the measures of the two segments of the hypotenuse.

Is the converse of this theorem true? In order to find out, it will help
to rewrite the original theorem in if-then form as follows,

If AABQ is a right triangle with right angle at @, then a
QP is the geometric mean between AP and PB, where P
is between A and B and @P is perpendicular to AB.

8

1. Write the converse of the if-then form of the theorem.
ometric



GEOGRAPHY For Exercises 36 and 37, use
the following information.

Denver is located at about 105 degrees
longitude and 40 degrees latitude. San

Answers

38.

Given: AABC with sides of
measure a, b, and ¢, where

Francisco is located at about 122 degrees =2+
longitude and 38 degrees latitude. Las Vegas . . .
is located at about 115 degrees longitude and Prove: AABC is a right triangle.
36 degrees latitude. Using the lines of m
longitude and latitude, find each degree A F
distance.
36. San Francisco to Denver ~17.1 degrees b @ b X
37. Las Vegas to Denver ~10.8 degrees
C—F—B D— E 4

38. Write a paragraph proof of Theorem 7.5. See margin.

Proof: Draw DE on line € with

1 39. Use the Pythagorean Theorem and the Y Al ) measure equal to a. At D, draw
figure at the right to prove the Distance Formula. J line 1L DE. Locate point Fon m
See margin. ) —
: B, so that DF = b. Draw FE and call
X5 Yo

its measure x. Because AFED is a
right triangle, 22 + b2 = x2. But

Z+bP=c,s0ox=clorx=c.
Thus, AABC = AFED hy SSS.
This means 2 C = 2 D. Therefore,

40. PAINTING A painter sets a ladder up to reach the
bottom of a second-story window 16 feet above the
ground. The base of the ladder is 12 feet from the
house. While the painter mixes the paint, a T 16 t 2£.C must be a right angle, making
neighbor’s dog bumps the ladder, which moves the AABC a right triangle.
base 2 feet farther away from the house. How far up e T o
the side of the house does the ladder reach? i {W{ 39. Given: AABC with right angle at C,

- ———— e 2V/51 ft ~ 143 ft AB=d
A FEEC L EES s =
= 41. SAILING The mast of a sailboatis [] 42. LANDSCAPING Six congruent Prove: d =
supported by wires called shrouds. square stones are arranged in an V(XZ — X )2 +(—n )2
What is the total length of wire L-shaped walkway through a y
needed to form these shrouds? garden. If x = 15 inches, then find
the area of the L-shaped walkway.
2] |, about76.53 f _ Alxy, 1)
g 270 in? J
Blx,, yo)
] C(X1, y2) 2, Yo
Milifary (R, | : £ o) i
All branches of the military

use navigation. Some of
the jobs using navigation ~ : Proof:

include radar/sonar ‘-0 43. NAVIGATION A fishing trawler off the coast of Alaska was ordered by
G, O IS the U.S. Coast Guard to change course. They were to travel 6 miles west

airplane navigators, and . . . ! ..
space operations officers. and then sail 12 miles south to miss a large iceberg before continuing

Statements (Reasons)
1. AABC with right angle at C,

on the original course. How many miles out of the way did the trawler AB = d (Given)
;.._,. Online Resedrch travel? ahout 4.6 mi 2. (CB)Z + (Ac)z — (AB)Z
For information about H G (Pythagorean Theorem)
a career in the military, 44 CRITICAL THINKING  The figure at the right is a (YA N— 3. % — x| = CB: |y, — | = AC
mgeometwonline rectangular prism with AB = 8, BC = 6, and BF = 8§, ' )62 t 4l = ’ yzb };1 R
e : and M is the midpoint of BD. Find BD and HM. How (Distance on a number line)

are EM, FM, and GM related to HM? c 4. |X2 _ X1|2 + |]/2 _ y1|2 = g2

BD =10, HM = \/89 ~ 9.4; HM = EM = FM = GM A B

) (Substitution)
_'-.._, www.geometryonline.com/self_check_quiz

;‘_ Lesson 7-2 The Pythagorean Theorem and Itihfﬁglﬁgee"y Imigef 5. (XZ _ X1 )2 + (}'z _ ,V1 )2 — dz
. (Substitution)
Answers (p. 354) 6. Vixp —x)? + (1, — ) = d
(Take the square root of each
18. R =6, RS = 10, OS = 8; 62 + 82 = 10?2 side.)
— — —B-F2 4 B2 ¢ B2
19. R =5,RS =6, QS =5;5* + 5% # 6 7.d=V(% - x)2+ (1, — 1)

20. GR = /61, RS = V148, as = V113; (VE1)? + (V113)2 % (V48]
21. GR =\/29, RS = V29, aS = V/58; (v/29)2 + (v/29)? = (v/58)2

(Reflexive Property)
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45. W] Answer the question that was posed at the beginning of
4 As 5655 the lesson. See margin.
How are right triangles used to build suspension bridges?

Include the following in your answer:
Open-Ended Assessment e the locations of the right triangles, and

MOde!lng ASk students to recall ¢ an explanation of which parts of the right triangle are formed by the cables.
how right triangles are modeled

n suspension bridges, and have Standdrdized  46. In the figure, if AE = 10, what is the value of h? A

them demonstrate how a right 'gsg r'(cghg) % 6 8
triangle could model real world 10 s X . 12
objects such as sailboats, flags, 47. ALGEBRA 1If x% + 36 = (9 — x)?, then find x. G
houses, bookshelves, and so on. @ 6 no solution

© 25 @ 10
&6#’"9 IZeadY for‘ érraphing PROGRAMMING For Exercises 48 and 49, use the following information.
Lesson 7-3 Calculator The TI-83 Plus program uses a

procedure for finding Pythagorean triples PROGRAM: PYTHTRIP
Prerequisite Skill In Lesson 7-3, that was developed by Euclid around For (X.2,6) ' Disp BAC
students will be working more 320 B.C. Run the program to generate a or % 2, I5p A
extensively with radical fist of Pythagorean triples. :Ffor AR :El-s ‘
expressions to find side lengths 48. 3-4-5, 6-8-10, 48. List all the members of the 3-4-5 !I'h)zr? Y EDI:SdP ABC
L1 . 12-16-20, 24-32-40, family that are generated by the ) :
of special right triangles. Use 97-36-45 program. it 02 =2+ 0.5) 0 A End
Exercises 61-70 to determine 2XYOB ‘Pause
, e . 5 49. A geometry student made the . o

your students” familiarity with conjecture that if three whole int (+Y2+0.5)0 C Disp
simplifying radical expressions. numbers are a Pythagorean triple, fA>B End

then their product is divisible by 60. ‘Then End
Assessment Opti ons Does this conjecture hold true for :Stop

each triple that is produced by
Quiz (Lessons 7-1 and 7-2) is the program? yes
available on p. 407 of the Chapter 7

Resource Masters.
Maintain Your Skills

Answers Mixed Review Find the geometric mean between each pair of numbers. (Lesson 7-1)

50. 3and 12 6 51. 9and 12 6V/3 ~ 10.4 52. 11and 7 \/77 ~ 8.8
45. Sample answer: The road, the 53. 6and9 3V6~7.3 54 2and7 V14~3.7 55 2and5 V10=~3.2
tower that is perpendicular to the
road, and the cables form the 56. \/ﬁ; it converges Find the value of each expression. Then use that value as the next x in the
A A 2. expression. Repeat the process and describe your observations. (Lesson 6-6)
right triangles. Answers should to2. pressi peat the p d describe your observati
incl.ude m.e following. gz.si:l;i,vg ?npfllll::)l?[ches 56. \l/Z_x, where. x i.nitially equals 5 57. ?x, where x.in.it.ially equals 1
e Right triangles are formed by 58. 2; it converges to 1. 58 x2, where x initially equals 4 59. -, where x initially equals 4
i 59. 0.25; it alternates
the b"dge’ the towers, and the 60. Determine whether the sides of a triangle could have the lengths 12, 13, and 25.
cables between 0.25 and 4. ] 12 4+ 13 % 258 8
. xplain. (Lesson 5-4) NO;
e The cable is the hypotenuse in )
each triangle. éyeftmg lzﬂddy for PREREQUISITE SKILL Simplify each expression by rationalizing the denominator.
fhe Ne)d’ Lesson (To review simplifying radical expressions, see pages 744 and 745.)
61. 7 TV3 g 18 9\/2 3. V14 \/7 e 3VIL \/335. 24 12V/2
Vs 3 V2 V2 V3 V2
66. 12 4\/3 67. 2V6 2\/268. 15 5\/3 go. 2 V2 7 25 5VI0
V3 V3 V3 Ve 2 Vio 2
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7-3) Special Right Triangles

What You’ll Learn

Use properties of 45°-45°-90° triangles.
Use properties of 30°-60°-90° triangles.

How | is triangle tiling used in wallpaper design?

Triangle tiling is the process of laying copies of a single triangle next to each
other to fill an area. One type of triangle tiling is wallpaper tiling. There are
exactly 17 types of triangle tiles that can be used for wallpaper tiling.

J/MEAEMHP
A QWA A ;k A

Tile 4 is made up of two 45°-45°-90° triangles that form a
square. This tile is rotated to make the wallpaper design
shown at the right.

PROPERTIES OF 45°-45°-90° TRIANGLES  Facts about 45°-45°-90°
triangles are used to solve many geometry problems. The Pythagorean Theorem
allows us to discover special relationships that exist among the sides of a 45°-45°-90°
triangle.

Draw a diagonal of a square. The two triangles formed are X
isosceles right triangles. Let x represent the measure of each side
and let d represent the measure of the hypotenuse.

d2=x2 + x2 Pythagorean Theorem
d? = 2x2 Add.
= \/ﬁ Take the positive square root of each side.
d= \/E : \/J? Factor.
d= x\/i Simplify.

This algebraic proof verifies that the length of the hypotenuse of any 45°-45°-90°
triangle is \/2 times the length of its leg. The ratio of the sidesis 1:1: V2.

Theorem 7.6

In a 45°-45°-90° triangle, the length of the hypotenuse
is V/2 times the length of a leg.

Lesson 7-3 Special Right Triangles 357

5-Minute Check
Transparency 7-3 Use as a
quiz or review of Lesson 7-2.

Mathematical Background notes
are available for this lesson on
p- 340C.

is triangle tiling used
oW wallpaper design?
Ask students:

* How many of the wallpaper
tiles are made up of right
triangles? Which ones are they?
12 tiles; tiles 3, 4, 5, 6, 7, 10, 11,
12, 13, 15, 16, and 17

* What percent of wallpaper tiling
depends on right triangles?
12 out of 17 or about 71%

¢ If the length of the hypotenuse
of one of the triangles in tile 12
is 7\V2 2 centimeters, then how
long is each leg of the triangle?
7¢cm

j Resource Manager L

Vs

\aw Workbook and Reproducible Masters

Chapter 7 Resource Masters Prerequisite Skills Workbook, pp. 17-18
« Study Guide and Intervention, pp. 363-364 Teaching Geometry With Manipulatives
« Skills Practice, p. 365 Masters, p. 1

* Practice, p. 366
* Reading to Learn Mathematics, p. 367
* Enrichment, p. 368

@ Transparencies

5-Minute Check Transparency 7-3
Answer Key Transparencies

ﬁ Technology
GeomPASS: Tutorial Plus, Lesson 14
Interactive Chalkboard



h ZXIARY Find the Measure of the Hypotenuse
2 Teac WALLPAPER TILING Assume that the length of one of the
legs of the 45°-45°-90° triangles in the wallpaper in the figure
PROPERTIES OF is 4 inches. What is the length of the diagonal of the entire

45°-45°-90° TRIANGLES wallpaper square?

In-Class EdePIGS \ The length of each leg of the 45°-45°-90° triangle is 4 inches. The length of the

hypotenuse is \/2 times as long as a leg. The length of the hypotenuse of one

WALLPAPER TILING Note of the triangles is 4\/2. There are four 45°-45°-90° triangles along the diagonal of
that the ‘ﬁg'ure l'n Example 1 the square. So, the length of the diagonal of the square is 4(4V/2) or 16V/2 inches.
can be divided into four equal
square quadrants so that each - .
square contains 8 triangles. ZEWIP Find the Measure of the Legs
What is the area of one of Find x.
these squares if the Sfudy Tip The length of the hypotenuse of a 45°-45°-90° triangle c
hypotenuse of each Rationalizing is \/2 times the length of a leg of the triangle. ‘m <& .
45°-45°-90° triangle measures Denominators AB = (AC)V2 45 45
7V/2 millimeters? 196 mm?2 ;0 rationalizea 6= x\V2 AB = 6,AC = x B &m A
enominator, multiply
. the fraction by 1 in the 6 _ . .
BFll’ld a. form of a radical over V3 X Divide each side by V/2.
S a= 4‘\/5 itself so that the product 6 V2
in the denominator is a — Vs =x Rationalize the denominator.
gin. / 4%° rational number. V2 2

acm 67\/2 =x Multiply.

R 45° Hyy 3V2=x Divide.

acm

Teaching Tip Point out to 0 £ro ano
studentsthat one corner of the PROPERTIES OF 30°-60°90° TRIANGLES There is also a special

wallpaper square consists of relationship among the measures of the sides of a 30°-60°-90° triangle.

four 45°-45°-90° trl_angleS, the When an altitude is drawn from any vertex of an
combination of which forms a equilateral triangle, two congruent 30°-60°-90° triangles
new larger 45°-45°-90° triangle. are formed. LM and KM are congruent segments, so let
Explain how it is interesting that LM = x and KM = x. By the Segment Addition Postulate,
tiled groups of 4’ 8’ and 16 of LM + KM = KL. Thus, KL = 2x. Since A]KL is an equilateral
the smaller triangles form |arger triangle, KL = JL = JK. Therefore, JL = 2x and JK = 2x.

45°-45°-90° triangles.

Let a represent the measure of the altitude. Use the
Pythagorean Theorem to find 4.

) . (JM)? + (LM)? = (JL)? Pythagorean Theorem
T‘Ps Intervention a2 + x2 = (2x)? IM =a, LM = x, JL = 2x
(2"l | Some students 24 2 = gp2 imoli

(ZAZEY | may have a% + 3% = dx simplify.
difficulty a? = 3x2 Subtract x2 from each side.
keeping the a="\3x2 Take the positive square root of each side.

properties of 45°-45°-90° and a=V3-Va? Factor

30°-60°-90° triangles straight. =3 Simplify.

Suggest that they periodically

reproduce the figures in So, in a 30°-60°-90° triangle, the measures of the sides are x, x\/g, and 2x. The ratio

Theorem 7.6 and Theorem 7.7 of the sides is 1:1/3:2.

to keep these relationships 358 Chapter 7 Right Triangles and Trigonometry

fresh. Advise them, however,

that they have the intuitive DAILY

knowledge to derive either of , . .

these two figures by using the |NIERVENT|N Differentiated Instruction

Pythagorean Theorem with a v 77 Logical/Mathematical Suggest that students close their books and
square or an equilateral . divide a piece of paper into two columns. At the top of one column, ask
triangle. them to draw a square with diagonal d and side x. At the top of the other

column, ask students to draw an equilateral triangle with one altitude and
tell them to label the segment that the altitude divides with two x's. Then
have students systematically use the Pythagorean Theorem to figure out
the side relationships of the 45°-45°-90° and 30°-60°-90° triangles in
these two figures. Y,

358 Chapter 7 Right Triangles and Trigonometry



Study Tip
20°-60°-90°
Triangle

The shorter leg is opposite
the 30° angle, and the
longer leg is opposite

the 60° angle.

(5= www.geometryonline.com/extra_examples

The relationship of the side measures leads to Theorem 7.7.

Theorem 7.7

In a 30°-60°-90° triangle, the length of the hypotenuse
is twice the length of the shorter leg, and the length of

the longer leg is \/3 times the length of the shorter leg. 30° 5
2n nv3

60° n

30°-0°-90° Triangles

Find AC.
AC is the longer leg, AB is the shorter leg, and BC B
is the hypotenuse.

1 14in.
AB = ~(BC)

1 O

= 5(14) or7 BC=14 A c

AC = \/3(AB)

= \/5(7) or 7\/5 AB=17

Special Triangles in a Coordinate Plane

COORDINATE GEOMETRY  Triangle PCD is a 30°-60°-90° triangle with right
angle C. CD is the longer leg with endpoints C(3, 2) and D(9, 2). Locate point P
in Quadrant L.

Graph C and D. CD lies on a horizontal gridline of y
the coordinate plane. Since PC will be perpendicular to
CD, it lies on a vertical gridline. Find the length of CD.

CD=[M®-30=6

CD is the longer leg. PC is the shorter leg.

C(3,2) D(9, 2)]
So, CD = \/E(PC). Use CD to find PC. 5 } } } } }
X
CD = \V/3(PC)
P
6=\30PC) =6
60°
% = PC Divide each side by /3. X 2x
! 30
% . % = PC Rationalize the denominator. c xV3=6 D
6T\/§ = PC Multiply.
2V3 = PC Simplify.

Point P has the same x-coordinate as C. P is located 2\/5 units above C.
So, the coordinates of P are (3, 2+ 2\/3) or about (3, 5.46).
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DAILY
INTERVENTION Unlocking Misconceptions
Bae \ T 30°-60°-90° Triangles Point out that a common mistake is for students to

quickly assume that the longer leg of a 30°-60°-90° triangle is twice the

length of the shorter leg. Demonstrate for students that this cannot be so
by drawing a 30°-60°-90° triangle on the board and extending the figure
into an equilateral triangle. Explain that the shorter leg of the original right

triangle is exactly half the distance of one side of the equilateral triangle. Tell
students that the hypotenuse is also a side of the equilateral triangle, so this

has to be the side that is twice the length of the shorter leg. J

PROPERTIES OF

30°-60°-90° TRIANGLES
In-Class Examples i&“xfé |>
&
BFind QR.
P
g
0 30° R
83 oy
3

E9 AWXY is a 30°-60°90°
triangle with right angle X
and WX as the longer leg.
Graph points X(—2, 7) and
Y(—7,7), and locate point W
in Quadrant III.

Y XV

ol | x

\W
w(-2,7 - 5V3)
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3 Practice/Apply

Study Notebook

Have students—

* add the definitions/examples of
the vocabulary terms to their
Vocabulary Builder worksheets for
Chapter 7.

* include any other item(s) that they
find helpful in mastering the skills
in this lesson.

About the Exercises...

Organization by Objective

e Properties of 45°-45°-90°
Triangles: 12, 13, 17, 22, 25

e Properties of 30°-60°-90°
Triangles: 14-16, 18-21,
23-24,27-31

0dd/Even Assignments
Exercises 12-31 are structured
so that students practice the
same concepts whether they
are assigned odd or even
problems.

Assignment Guide

Basic: 13-37 odd, 41-66
Average: 13-41 odd, 42-66
Advanced: 12-40 even, 41-58
(optional: 59-66)

All: Quiz 1 (1-5)

Answers

Check for Understanding

Concept Check 1. OPEN ENDED Draw a 45°-45°-90° triangle. Be sure to label the angles and the
sides and to explain how you made the drawing. 1-2. See margin.

2. Draw a 30°-60°-90° triangle with the shorter leg 2 centimeters long. Label the
angles and the remaining sides.

3. Write an equation to find the length of a rectangle that has a diagonal twice as long

as its width. e |ength of the rectangle is /3 times the width; £ = \/3w.
Guided Practice  Find x and v

GUIDED PRACTICE KEY 4. 5. 6.
Exercises | Examples X 3 . 10 y .
4,51 1,2 5° -

6-8 3 v 0 X
9,10 4 x=3y=3V2 x=5V2y=5V2 x=8V3y=16
Find the missing measures. B
7. fc=8 findaandb. a= 4 b=4V3 T
8. If b =18, find a and c. a=6\/§; L‘=12'\/§ a 30°
b A

Triangle ABD is a 30°-60°-90° triangle with right angle B and with AB as the
shorter leg. Graph A and B, and locate point D in Quadrant I. 9-10. See p. 399A.

9. A(8,0), B, 3) 10. A(6, 6), B(2, 6)

Applicaﬁon 11. SOFTBALL Find the distance from home plate
to second base if the bases are 90 feet apart.

90\V/2 or 127.28 ft

O indicates increased difficulty
Practice and Apply

|‘il'l||'ll'||.|'l|‘1-.Hl:ll Find x and Y- X= M’ y= 45
. 12. } 13. x2 14.
For i See \ } 18
Exercises : Examples XN X
12,1317, i 1,2 1 196 RNV
2,25 0 T T - v
14-16, 18-21, * 3
23,24 i o x=9y=9V3
=il B Xx=45y=9.6V?2 i y=9V3
15. 16. |<_ x_>| 17.
Extra Practice . o
See page 767. 60 y 5
Y o
11\30°
[T
[ |
x=8\/§;y=8\/§ x=5.5;y=5.5\/3_‘

For Exercises 18 and 19, use the figure at the right.
18. Ifa = 10\/5, find CEand y. CE=15; y = 15\/5
19. If x = 7V/3, find a, CE, y, and b.

a=14V3; CE=21;y=21\/3; b= 42

360 Chapter 7 Right Triangles and Trigonometry

1. Sample answer: Construct two perpendicular lines. Use a
ruler to measure 3 cm from the point of intersection on the
one ray. Use the compass to copy the 3 cm segment. Connect
the two endpoints to form a 45°-45°-90° triangle with sides of
3 cm and a hypotenuse of 3V2 cm.

2. Sample answer: Draw a line using a ruler. Then use a
protractor to measure a 90° angle. On one ray mark a 2 cm
length, and at that endpoint use the protractor to measure a
30° angle toward the other ray. Where this ray intersects the
other ray should form a 60° angle, completing the 30°-60°-90°
triangle with sides 2 cm, 2V/3 ¢m, and a hypotenuse of 4 cm.

360 Chapter 7 Right Triangles and Trigonometry



20.

21.

22

23.

24.

25.

[J 26.

27

28.

29,
20, (—3 - 133ﬂ —6) ?

or about (—10.51, —6) [ 30.

More Abouf .

31

Triangle Tiling -
Buildings in Federation
Square in Melbourne,
Australia, feature a tiling example, the pattern shown is composed
pattern called a pinwheel of tiles like the one outlined.

tiling. The sides of each
right triangle are in the
ratio 1:2:\/5.

Source:
www.federationsquare.com.au

32.

33.

34. There are no gaps 34
because when a 30°
angle is rotated 12
times, it rotates 360°.

The length of an altitude of an equilateral triangle is 12 feet. Find the length of a
side of the triangle. 8\/5 ft ~ 13.86 ft

The perimeter of an equilateral triangle is 45 centimeters. Find the length of an
altitude of the triangle. 7_5\/5 cm =~ 12.99 ¢cm

The length of a diagonal of a square is 22V/2 millimeters. Find the perimeter of
the square. 88 mm

The altitude of an equilateral triangle is 7.4 meters long. Find the perimeter of
the triangle. 14.80/3 m ~ 25.63 m

The diagonals of a rectangle are 12 inches long and intersect at an angle of 60°.
Find the perimeter of the rectangle. 12 + 12\/5 or about 32.78 in.

The sum of the squares of the measures of the sides of a square is 256. Find the
measure of a diagonal of the square. g'\/f ~11.31

Find x, y, z, and the perimeter of ABCD. D z c
x=4y=0/3;2=6; g’
24 + 4\/2 + 4\/3 or~ 36.59 units 8 x
230 O - 0 45° B
— ;
APAB is a 45°-45°-90° triangle with right angle B. Find the coordinates of P in
Quadrant I for A(—3, 1) and B(4, 1). (4, 8)
APGH is a 45°-45°-90° triangle with m /P = 90. Find the coordinates of P in
Quadrant I for G(4,—1) and H(4, 5). (1, 2), (7, 2)
APCD is a 30°-60°-90° triangle with right angle C and CD the longer leg. Find
the coordinates of P in Quadrant III for C(—3, —6) and D(—3, 7).
APCD is a 30°-60°-90° triangle with m/.C = 30 and hypotenuse CD. Find the
coordinates of P for C(2, —5) and D(10, —5) if P lies above CD.
(8:5 + 2\/5)
If PQ || SR, use the figure to find a, b, c, y _
and d. P(a,b) Q(8v3,d)
a=3V3,b=9,¢c=3V3d=9 643
60° ] 457
R(fo) X

500, o)l T(c,0) Ule0)

:+¢ TRIANGLE TILING For Exercises 32-35, use the following information.
Triangle tiling refers to the process of taking
many copies of a single triangle and laying
them next to each other to fill an area. For

How many 30°-60°-90° triangles are
used to create the basic circular
pattern? 12

Which angle of the 30°-60°-90° triangle
is being rotated to make the basic shape? 30° angle

Explain why there are no gaps in the basic pattern.

. Use grid paper to cut out 30°-60°-90° triangles. Color the same pattern

on each triangle. Create one basic figure that would be part of a
wallpaper tiling. See margin.
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John Gollings, courtesy Federation Square

Answer

35. Sample answer:

Enrichment, p. 368

Constructing Values of Square Roots

The diagram at the right shows a right isosceles triangle with

two legs of length 1 inch. By the Pythagorean Theorem, the length
of the hypotenuse is V2 inches. By constructing an adjacent right

triangle with legs of V/2 inches and 1 inch, you can create a segment

/ \ Pl of length V3.

\\(

N\
\ By continuing this process as shown below, you can construct a
\ “wheel” of square roots. This wheel is called the “Wheel of Theodorus”
\ after a Greek philosopher who lived about 400 B.c.

\ Continue constructing the wheel until you make a segment of

length V18.

=2k I

Study Guide and Intervention,

p- 363 (shown) and p. 364

Properties of 45°-45°-90° Triangles The sides of a 45°-45°-90° right triangle have a
special relationship.

If the leg of a 45°45°-90° In a 45°-45°-90° right
right triangle is x units, show triangle the hypotenuse is V2 times
that the hypotenuse is xV2 units. the leg. If the hypotenuse is 6 units,
find the length of each leg.

The hypotenuse is V2 times the leg, so _
divide the length of the hypotenuse by V2.

PR
Va
a=b = x then - 6V3
Vavz
_6V2
T2
= 3V2 units
Find x.
1 H 2. 3v2 3. m-
H ] ) ' IB
8V2~113 3 5V2=~7.1
4. 18 5. 6.
v ﬂjx %\E
9V2~127 18V2 ~ 255 6

7. Find the perimeter of a square with diagonal 12 centimeters. 24V/2 ~ 33.9 cm
8. Find the diagonal of a square with perimeter 20 inches. 5V2 ~ 7.1 in.

9. Find the diagonal of a square with perimeter 28 meters. 7V2~99m

Skills Practice, p. 365 and

Practice, p. 366 (shown)

Find x and y.
1. 2. 3.
%, i i y 'y A .w
* ]
g .. % ¥

9—\2/5, 97\/5 25V/3, 50 13,13V3
4. 5. 6. P
4 AN
In} 35 H I |

45,14V2 35V3,7 %; 1V2

For Exercises 7-9, use the figure at the right. /\
oo
7.1fa = 4V3, find b and c. X
A 5 Ne
8.1fx = 3V3, find « and CD.
a=6V3,cD=9

9.1fa = 4, find CD, b, and y.

CD=2V3,b=4V3,y=6

10. The perimeter of an equilateral triangle is 39 centimeters. Find the length of an altitude
of the triangle.
6.5V/3 in. or about 11.26 in.

11. AMIP is a 30°-60°-90° triangle with right angle at I, and IP the longer leg. Find the
coordinates of M in Quadrant I for I(3, 3) and P(12, 3).
(3,3 + 3V/3) or about (3, 8.19)

12. ATJK is a 45°-45°-90° triangle with right angle at J. Find the coordinates of T in
Quadrant II for J(—2, —3) and K(3, —3).
(=2,2)

13. BOTANICAL GARDENS One of the displays at a botanical garden
is an herb garden planted in the shape of a square. The square

‘measures 6 yards on each side. Visitors can view the herbs from a
diagonal pathway through the garden. How long is the pathway?

6V/2 yd or about 8.48 yd

Reading to Learn

Mathematics, p. 367

Pre-Activity How is triangle tiling used in wallpaper design?

Read the introduction to Lesson 7-3 at the top of page 357 in your textbook.

« How can you most completely describe the larger triangle and the two
smaller triangles in tile 157 Sample answer: The larger triangle is
an isosceles obtuse triangle. The two smaller triangles are
congruent scalene right triangles.

« How can you most completely describe the larger triangle and the two
smaller triangles in tile 167 (Include angle measures in describing all the
triangles.) Sample answer: The larger triangle is equilateral, so
each of its angle measures is 60. The two smaller triangles
are congruent right triangles in which the angle measures
are 30, 60, and 90.

Reading the Lesson
1. Supply the correct number or numbers to complete each statement.
a. In a 45°-

-90° triangle, to find the length of the hypotenuse, multiply the length of a

leg by .
Tn a 30°-60°-90° triangle, to find the length of the hypotenuse, multiply the length of
the shorter leg by

L4

°

Tn a 30°-60°-90° triangle, the longer leg is opposite the angle with a measure of __60.

&~

Tn a 30°-60°-90° m‘a:;Le, to find the length of the longer leg, multiply the length of

the shorter leg by

. In an isosceles right triangle, each leg is opposite an angle with a measure of 45
In a 30°-60°-90° triangle, to find the length of the shorter leg, divide the length of the
longer leg by

g In 30°-60°-90° triangle, to find the length of the longer leg, divide the length of the

hypotenuse by and multiply the result by

h. To find the length of a side of a square, divide the length of the diagonal by _V2

®

~

2. Indicate whether each statement is always, sometimes, or never true.
a. The lengths of the three sides of an isosceles triangle satisfy the Pythagorean
Theorem. Sometimes
b. The lengths of the sides of a 30°-60°-90° triangle form a Pythagorean triple. never
€. The lengths of all three sides of a 30°-60°-90° triangle are positive integers. never

Helping You Remember

3. Some students find it easier to remember mathematical concepts in terms of specific
numbers rather than variables. How can you use specific numbers to help you remember
the relationship between the lengths of the three sides in a 30°-60°-90° triangle?
Sample answer: Draw a 30°-60°-90° triangle. Label the length of the
shorter leg as 1. Then the length of the hypotenuse is 2, and the length of
the longer leg is V/3. Just remember: 1,2, Va.
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Answers

42. Sample answer: Congruent
triangles of different color can be
arranged to create patterns.
Answers should include the
following.

5,9 15 and 17; 3, 4,6, 7, 10,
11, and 12

¢ Placing 45° angles next to one
another forms 90° angles,
which can be placed next to
each other, leaving no holes.

36. Findx,y,andz.  x=4; y=4\/3; 37. 1 BD = 8\/3 and m2DHB = 60,
z=2V6 find BH. 16

Ay
E

[J 38. Each triangle in the figure is
a 30°-60°-90° triangle. Find x. 2.25

0 39. Inregular hexagon UVWXYZ, each
side is 12 centimeters long. Find WY.

— w _ x 12V/3~20.78cm
v Y
4\30°
12
U z
40. BASEBALL The diagram at the right shows some D

dimensions of Comiskey Park in Chicago, Illinois.
BD is a segment from home plate to dead center
field, and AE is a segment from the left field
foul-ball pole to the right field foul-ball pole. If
the center fielder is standing at C, how far is he
from home plate? 347V2 ~ 245.4 ft

2 .

41. CRITICAL THINKING Given figure ABCD,
with AB | DC, m/B = 60, m+.D = 45, BC = 8,
and AB = 24, find the perimeter.

52 + 4\/3 + 4V/6 units 45°

42, WIS Answer the question that was posed at the beginning of
the lesson. See margin.

How is triangle tiling used in wallpaper design?
Include the following in your answer:

¢ which of the numbered designs contain 30°-60°-90° triangles and which
contain 45°-45°-90° triangles, and

¢ areason why rotations of the basic design left no holes in the completed
design.

Standardized  43. In the right triangle, what is AB if BC = 62 C A

Test Practice @ 12 units
ST @i h
© 4\/5 units C B
(@) 2\/3 units

2
44. SHORT RESPONSE For real numbers a and b, where b # 0,ifa 0 b = %, then

25
BUHGO3)=_2 . 3

362 Chapter 7 Right Triangles and Trigonometry
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Maintain Your SKkills

Mixed Review Determine whether each set of measures can be the sides of a right triangle.
Then state whether they form a Pythagorean triple. (Lesson 7-2)

45. 3,4,5 yes, yes 46. 9,40, 41 yes, yes 47. 20,21,31 no, no
48. 20,48,52 yes,yes  49. 7,24, 25 yes, yes 50. 12, 34,37 no, no

Find x, y, and z. (Lesson 7-1)

52. 4\/6 ~ 9.8; 51

N2 ~51;

) D 52. 53. e
N S ‘
A
B y

33 2V/21 ~ 9.2; 21; 25
10V2 ~ 14.1
58. JK = V13,
KL = /26,
JL=/53

Write an inequality or equation relating A
each pair of angles. (Lesson 5-5)

54. m/ ALK, m/ALN m/Z ALK < msALN
55. m/ ALK, m/NLO m£ALK < m/.NLO

RS = V13, 56. m/OLK, m/NLO mZOLK> mzNLO
ST= /26, 57. m/KLO, m/ALN m/KLO = m2ALN

RT = \/53;

AJKL = ARST by SSS 58. Determine whether AJKL with vertices J(—3, 2), K(—1, 5), and L(4, 4)
v is congruent to ARST with vertices R(—6, 6), S(—4, 3), and T(1, 4).
Explain. (Lesson 4-4)

Getting Ready for PREREQUISITE SKILL  Solve each equation.
the Next Lesson (To review solving equations, see pages 737 and 738.)

59. 5=% 15 60. 3 =014 1.26 61 0.5= % 20 62 02= 1g—3 65
63. L =02528 64.9="-72 65 22 —-0460 66 2 =007 500
n 0.8 X y

Practice Quiz 1 Lessons 7-1 through 7-3

Find the measure of the altitude drawn to the hypotenuse. (Lesson 7-1)

i B TV3=121 2 Xx_, 3V5 ~6.7

21 7
z 4

3. Determine whether AABC with vertices A(2, 1), B(4, 0), and C(5, 7) is a right triangle. Explain.
tresson 72) yes; AB = /5, BC = V/50, AC = V/45; (V/5) + (V/as) = (V/Bof

Find x and y. (Lesson 7-3)

4. I , x=3;y=3'\/§ % : . » X=12;y=6\/§
3 m
L X
X

f_!, ' www.geometryonline.com/self_check_quiz

Lesson 7-3 Special Right Triangles 363

Open-Ended Assessment

Speaking Have students name
the side relationships for 45°-45°-
90° triangles and 30°-60°-90°
triangles. For some examples
and problems in the book, ask
students to call out these side
relationships using the numbers
and variables in the figures.

Getting Ready for
Lesson 7-4

Prerequisite Skill Students will
learn about trigonometric ratios
in Lesson 7-4. They will use
fractions to solve equations and
express side lengths. Use
Exercises 59-66 to determine
your students’ familiarity with
solving equations that involve
fractions.

Assessment Options

Practice Quiz 1 The quiz
provides students with a brief
review of the concepts and skills
in Lessons 7-1 through 7-3.
Lesson numbers are given to the
right of the exercises or
instruction lines so students can
review concepts not yet
mastered.
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Lesson
Notes

1 Focus

5-Minute Check
Transparency 7-4 Use as a
quiz or review of Lesson 7-3.

7

Mathematical Background notes
are available for this lesson on

p- 340D.

can surveyors
determine angle
measures?
Ask students:

* What side of a right triangle is
represented by the theodolite’s
line of sight? the hypotenuse

¢ The Statue of Liberty is
approximately 91.5 meters tall
from the base of the pedestal to
the tip of the torch. If a
theodolite were placed 100
meters from the base of the
pedestal, about how far would
the theodolite be from the top
of the torch? about 135.5 m

J Resource Manager 1

Trigonometry

What | You'll Learn

Find trigonometric ratios using right triangles.

Solve problems using trigonometric ratios.

can surveyors determine
Vocab UIarY How angle measures?
trigonometry

trigonometric ratio The old surveyor’s telescope shown

sine at right is called a theodolite

cosine (thee AH duh lite). It is an optical

tangent instrument used to measure angles
in surveying, navigation, and
meteorology. It consists of a telescope
fitted with a level and mounted on
a tripod so that it is free to rotate
about its vertical and horizontal
axes. After measuring angles,
surveyors apply trigonometry
to calculate distance or height.

TRIGONOMETRIC RATIOS The word trigonometry comes from two

Greek terms, trigon, meaning triangle, and metron, meaning measure. The study
of trigonometry involves triangle measurement. A ratio of the lengths of sides of a
right triangle is called a trigonometric ratio. The three most common trigonometric

ratios are sine, cosine, and tangent.

In the expression sin A,

Key Concept Trigonometric Ratios

\aw Workbook and Reproducible Masters

Chapter 7 Resource Masters

« Study Guide and Intervention, pp. 369-370

« Skills Practice, p. 371

« Practice, p. 372

* Reading to Learn Mathematics, p. 373
« Enrichment, p. 374

* Assessment, pp. 407, 409

@ Transparencies

School-to-Career Masters, p. 14

Prerequisite Skills Workbook, pp. 11-12

Teaching Geometry With Manipulatives
Masters, pp. 16, 17, 18, 117,118 ﬁ Technology

Interactive Chalkboard

5-Minute Check Transparency 7-4
Answer Key Transparencies

':frzl;eisne::zsgtr::smeasure Words Symbols Models
. _ measure of leg opposite ZA . _ BC B
sine of LA = measure of hypotenuse sin A = AB hypotenuse leg
5 opposite
Sfudy TIP . f/B = measure of leg opposite 2B inB = AC LA
Reading Math sine o " measure of hypotenuse S5 = 2p G - C
g opposite £ B
SOH-CAH-TOA is a
mnemonic device for
learning the ratios for . _ measure of leg adjacent to LA _ AC B
sine, cosine, and tangent cosine of LA = measure of hypotenuse COsA=Us hypotenuse leg
using the first letter of . adjacent to
each word in the ratios. cosine of / B — measure of Ie$ sdjacent to /B cos B — %g /B
o measure of hypotenuse 160 adfacent o ZA (o]
sinA = Pyp
ad )
0sA = 7 e e £ A measure of leg opposnte LA tan A = BC B o
A onp measure of leg adjacent to LA AC hypotenuse opposite
T ad £ Aand
adj t tof /B = measure of leg opposite 2B tan B = AC adiaceannt to
EIEIEEE " measure of leg adjacent to ZB S ES e - C /B
leg adjacent to £ A
and opposite 2 B
364 Chapter 7 Right Triangles and Trigonometry
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Trigonometric ratios are related to the acute angles of a right triangle, not the
Study Tip (2
G [ Geometry Activity TRIGONOMETRIC RATIOS
Notice that the ratio . . .
Trigonometric Ratios A

leg opposite ZA .
~hypotenuse s the 5 ) T .
hypme',':gszdiacem Jc + Fold a rectangular piece of paper along a diagonal \ Building on Prior
Same as L otenuse from A to C. Then cut along the fold to form right EERN ° Knowledge
Thus, sin A = cos € = . triangle ABC. Write the name of each angle on the SR B C
Likewise, cos A = inside of the triangle. B C In Lesson 7-1, students learned
. [4
sinB = - « Fold the triangle so that there are two segments S that they could use the Distance
perpendicular to BA. Label points D, E, F, and G as £D Formula and the Pythagorean
shown. Use a ruler to measure AC, AB, BC, AF, AG, 3 Theorem to find leneths in a
FG, AD, AE, and DE to the nearest millimeter. G F ) & A
I coordinate plane. They revisit
Analyze these methods in this lesson and
1. What is true of AAED, AAGF, and AABC? They are similar triangles. combine them with trigonometry
2. Copy the table. Write the ratio of the side lengths for each trigonometric to find the angles of a triangle in
ratio. Then calculate a value for each ratio to the nearest ten-thousandth. a coordinate plane.
In AAED in AAGF | In AABC
= P
DE 06114 | FEmopr1a | BCoopria In-Class Example | Point® |
&
AE 07913 | AE<07913 | 4B <7013 i i
a = =" ac =" Teaching Tip Assure the class
LE_ o710 | BB o127 | EE 07727 that sine, cosine, and tangent
AE AG AB J are very useful and not as
. . imposing as they first seem.

3. Sample answer: 3. Study the table. Write a sentence about the patterns you observe with E PI . tgh t if tyd t larl
Reaardl fth the tri tric rati xplain that if students regularly
gardless of the e trigonometric ratios. Pactice using these ratios to

side lengths, the 4. What is true about m /A in each triangle? m£A is the same in all triangles. P | bl & thev will
trigonometric ratio \ ) solve problems, they wi _
is the same when become as familiar as squaring
comparing angles and taking the square root of
in similar triangles. As the Geometry Activity suggests, the value of a trigonometric ratio depends numbers and are just as easy to
only on the measure of the angle. It does not depend on the size of the triangle. key into a calculator.
ZII 2R Find Sine, Cosine, and Tangent Ratios ; BFind sinL, cos L, tan L, sin N,
Find sin R, cos R, tan R, sin S, cos S, and tan S. . cos N, and tan N. Express
Express each ratio as a fraction and as a decimal. 4 each ratio as a fraction and as
s : R aNdec1ma1.
. _ opposite leg _ adjacent leg _ opposite leg
sin R = hypotenuse cos R = hypotenuse tan R = adjacent leg 8 7
_sT _RT _sT
RS RS RT M L
15
4 _
:§0T0-8 =%0r0.6 =%0r1.3 . 8
sinL = 17 O 0.47
. _ opposite leg _ adjacent leg _ opposite leg
sin 5 = hypotenuse St hypotenuse tan$ = adjacent leg cos L= % or 0.88
_RT _ ST _RT 8
RS " RS ST tan L = gz or 0.53
=20r06 = Zor08 =20r075 sin N = %orﬂ.ss
E 5 . , cos N =5 or 0.47
(5= www.geometryonline.com/extra_examples Lesson 7-4 Trigonometry 365 17

Geometry Activity Teaching Tip Encourage students

_ ) _ to familiarize themselves with using
Materials: rectangular paper, scissors, metric ruler, pencil their calculators to find cosines, sines
+ When students are folding the triangle to form two segments that are parallel to and tangents and their inverses. Allow
BC, tell them that it does not matter how close or far apart these segments are, students to pLEEs with S values,

and encourage the class to come up with a variety of different lengths to SUC?_1 as cos 0 N 1, sin 30° = 0.5,

demonstrate that this activity would work for any lengths. cos h0-5 = 60°, etc-hSP thTY Clan be

+ Students can also begin the activity with different sizes of rectangular paper. sure they are using their calculators

_/  correctly.

Lesson 7-4 Trigonometry 365
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Use a Calculator to Evaluate Expressions

In-Class €xample | e | Study Tip
o > Graphing Use a calculator to find each value to the nearest ten thousandth.

Calculator
Be sure your calculator is
in degree mode rather
than radian mode. Your
calculator may require
you to input the angle
before using the
trigonometric key.

a. cos 39°

KEYSTROKES: 39 [ENTER
cos 39° = 0.7771

Find each value to the
nearest ten thousandth.

a. tan 56° 1.4826
b. cos 89° 0.0175

cos (39
4 e 1459615

=in(EF
. 92B5B48535

b. sin 67°

KEYSTROKES: 67 [ENTER
sin 67° = 0.9205

USE TRIGONOMETRIC

RATIOS USE TRIGONOMETRIC RATIOS You can use trigonometric ratios to find the
missing measures of a right triangle if you know the measures of two sides of a
In- C’dss Exd mples | Power | triangle or the measure of one side and one acute angle.
Point® _I§
&

B EXERCISING A fitness trainer Use Trigonometric Ratios to Find a Length

sets the incline on a treadmill
to 7°. The walking surface is
5 feet long. Approximately

SURVEYING Dakota is standing on the ground 97 yards from the base of a cliff.
Using a theodolite, he noted that the angle formed by the ground and the line of
sight to the top of the cliff was 56°. Find the height of the cliff to the nearest
yard.

hOW many inches did the sde Tip Let x be the height of the cliff in yards. =S
trainer raise the end of the x leg opposite
. Tangent tan 56° = == tan= >
treadmill from the floor? The tangent of angle A is 97 leg adjacent
97 tan 56° = x  Multiply each side by 97. xyd
5 ft the same as the slope of
y i—‘ the line through the origin .
71’0" that forms an angle of Use a calculator to find x. oy
. measure A with the KEYSTROKES: 97 56 [ENTER] /43.50843 ~— 97y —
~T7.3 in. positive x-axis.
The cliff is about 144 yards high.
COORDINATE GEOMETRY
Find m/ X in right AXYZ for
When solving equations like 3x = —27, you use the inverse of multiplication to

X(-2,8), Y(—6, 4), and

find x. In trigonometry, you can find the measure of the angle by using the inverse

Z(=3,1). of sine, cosine, or tangent.
X(-2, 8) y
I Given equation | To find the angle | Read as
I sin A= x A=sin""(x) A equals the inverse sine of x.
I cos A=y A=cos™ ' (y) A equals the inverse cosine of y.
7(_? 4) II \ tanA =2z A=tan"1(2) Aequals the inverse tangent of z.
2L Use Trigonometric Ratios to Find an Angle Measure
COORDINATE GEOMETRY Find m/A in right triangle y
ABC for A1, 2), B(6, 2), and C(5, 4).
~36.9 Explore You know the coordinates of the vertices of a C(5, 4

right triangle and that ZC is the right angle. You
need to find the measure of one of the angles.

Plan Use the Distance Formula to find the measure
of each side. Then use one of the trigonometric
ratios to write an equation. Use the inverse to
find m2A.

366 Chapter 7 Right Triangles and Trigonometry

DAILY
INTERVENTION

: " Auditory/Musical The easiest way for auditory learners to remember
K‘\ | the ratios for sine, cosine and tangent is for them to chant SOH-CAH-TOA.
When introducing this mnemonic device to students, have them repeat it
as a class a few times in rhythm. Point out that SOH and CAH each have
one syllable because the “H" is silent, so students can remember that
one “silent” hypotenuse is involved for the sine and cosine ratios. TOA
has two syllables and involves the two legs for the tangent ratio. )

Differentiated Instruction

366 Chapter 7 Right Triangles and Trigonometry



Study Tip

Calculators

The second functions of
the [siNJ, [Cos), and
keys are usually

the inverses.

Solve  AB=V(6-12+ (2 — 2)? BC=V(5 — 62+ (4 — 2)?

=V 25+00r5 =V1+40r\V5
AC=VE-12+ 4 —2)7?
=V16 + 4
20 or 2\/5
Use the cosine ratio.
_ AC _ leg adjacent
cos A = AB €05 = ypotenuse
cosA:¥ AC =2\/5and AB = 5
A= cos™! (ZT\/E> Solve for A.

Use a calculator to find m£A.

KEYSTROKES: [COS~'] 2 YAENIEE
m/A =~ 2656505118

The measure of £A is about 26.6.

Examine Use the sine ratio to check the answer.

. _ BC . leg opposite
sinA = AB ™~ hypotenuse
sin A = % BC=V5andAB =5

KEYSTROKES: [SIN7T] V1505

mLA = 26.56505118

The answer is correct.

Check for Understanding

Concept Check

1. The triangles are
similar, so the ratios
remain the same.

1. Explain why trigonometric ratios do not depend on the size of the right triangle.

2. OPEN ENDED Draw a right triangle and label the measures of one acute angle
and the measure of the side opposite that angle. Then solve for the remaining
measures. 2—4. See margin.

3. Compare and contrast the sine, cosine, and tangent ratios.

3 Practice/Apply

Study Notebook

Have students—

* add the definitions/examples of
the vocabulary terms to their
Vocabulary Builder worksheets for
Chapter 7.

* include the “S0H-CAH-TOA”
mnemonic device and an example
similar to Example 1 on p. 345 for
quick reference.

* include any other item(s) that they
find helpful in mastering the skills
in this lesson.

About the Exercises...
Organization by Objective
* Trigonometric Ratios: 18-36

® Use Trigonometric Ratios:
3748, 52-54

Odd/Even Assignments
Exercises 18-54 are structured
so that students practice the
same concepts whether they
are assigned odd or even
problems.

Alert! Exercises 22-27 require a
scientific calculator.

Assignment Guide

Basic: 1949 odd, 59, 61-64,
69-82 (optional: 65-68)
Average: 19-61 odd, 62-64,
69-82 (optional: 65-68)
Advanced: 18-60 even, 61-76
(optional: 77-82)

4. Explain the difference between tan A = % and tan™! (i) =A.
Guided Practice Use AABC to find sin A, cos A, tan A, sin B, cos B, and B
tan B. Express each ratio as a fraction and as a decimal
CUMDNGEHIERIIE  to the nearest hundredth. 5-6. See margin. a ¢
Exercises | Examples 5. a=14 b =48 and c = 50
. 4 4 A
5,6 1 6. a=8,b=15andc=17 ¢ b
7-12 2
17 3 Use a calculator to find each value. Round to the nearest ten-thousandth.
13-16 4 7. sin 57° 0.8387 8. cos 60° 0.5000 9. cos 33° 0.8387
10. tan 30° 0.5774 11. tan 45° 1.0000 12. sin 85° 0.9962
Lesson 7-4 Trigonometry 367
Answers 3. All three ratios involve two sides of a right triangle. The sine ratio

2. Sample answer:

c divided by the measure of the hypotenuse. The tangent ratio is
15 the measure of the opposite leg divided by the measure of the

gL A adjacent leg.

m.B =90, 4. The tan is the ratio of the measure of the opposite leg divided by
m..C = 55, the measure of the adjacent leg for a given angle in a right triangle.
b~26.2,c~21.4 The tan—1 is the measure of the angle with a certain tangent ratio.

is the measure of the opposite leg divided by the measure of the
hypotenuse. The cosine ratio is the measure of the adjacent leg

14

5.5 =0. 28, 50 =0. 96, 48 ~ 0.29;
——096, 50 —028,ﬁ~3.43

6.7 1 ~ 0. 47, 17 ~ (.88; ﬁ ~ (.53;
15

17 =~ 0.88; 5= 17 ~ 0.47;?~ 1.88

Lesson 7-4 Trigonometry 367



Find the measure of each angle to the nearest tenth of a degree.
p- 369 (shown) and p- 370 13. tan A=1.4176 m/ A=~ 54.8 14. sin B = 0.6307 m/B ~ 39.1

Tngonometnc Ratios The ratio of the lengths of two sides of a right s,

e R e DN, COORDINATE GEOMETRY  Find the measure of the angle to the
B R . nearest tenth in each right triangle ABC.
e S 15. £ A in AABC, for A6, 0), B( —4, 2), and C(0, 6) m£A =~ 33.7
16. /B in AABC, for A(3, —3), B(7, 5), and C(7, —3) m£B ~ 26.6

Study Guide and Intervention,

sinR = leg opposite ZR

Find sin A, cos A, and tan A. Express each ratio as 5,
a decimal to the nearest thousandth, 5&
c! A

Application 17. SURVEYING Maureen is standing on horizontal

in A — gppostslog cos 4 = Mzt o tan A = oEp0sts log ) )
e e e ground level with the base of the CN Tower in Toronto,
o T o Ontario. The angle formed by the ground and the line
- oass - ooas o segment from her position to the top of the tower is 31.2°.
She knows that the height of the tower to the top of the
Find the indicated trigonometric ratio as a fraction . antennae is about 1815 feet. Find her distance from the
e housamdi, o TR to he mesest W . CN Tower to the nearest foot. 2997 ft
1 amA 2. t.mB ﬁ‘s
ct A D F
F‘ 0.8824 ﬁ' 0.5333 7 ?

B P O indicates increased difficulty

s 5., .
i 0e7e o Practice and Apply
5.sin D 6.tan E
%08 2075 . . . . Q
w Use APQR with right angle R to find sin P, cos P, tan P,
T S sin Q, cos Q, and tan Q. Express each ratio as a fraction,
o o For

See and as a decimal to the nearest hundredth. 18-21. See margin.

Exercises Examples
PO 18.p=12,q=35 and r = 37 19. p= \fq—2\/§andr—3\f
Skills Practice, p. 371 and 28-36
Practice, p. 372 (shown) 227 2 20. p = E’ q= 3\/5, andr =3 21. p = 2\/3, q= \/E, and r = 3\/3
l]::!se ALMN tlt: ﬁx:d sin L,fcostlr, tan {;, sin b;, cos Il{,tallt: tan M. N 43-48 E 3
xpress each ratio as a fraction and as a decimal to the 37_42’ E 4 .
PR 2.0= 12,m = 12VEn - 24 ‘AM 52-54 Use a calculator to find each value. Round to the nearest ten-thousandth.

sinL:;?’;:u.sa; sinL=12 \—foso 22. sin 6° 0.1045 23. tan 42.8° 0.9260 24. cos 77° 0.2250
oo 7 g = 0 Ses Leye 757 25. sin 85.9° 0.9974 26. tan 12.7° 0.2254 27. cos 22.5° 0.9239

tanL=%m0.42; tan L = —\/_mnss
sin =38~ 0.92; sin M = % ~0.87;
cos M= 15 ~ 0.38; cos =12 = 0.50; Use the figure to find each trigonometric _ , c B
tanm=38-24 tan 1= 12Y3 < 1.73 ratio. Express answers as a fraction and 526 X 5N/
Use a calculator to find each value. Round to the nearest ten-thousandth. as a decimal rounded to the nearest A
3.sin 92.4 0.9991 4.tan 27.5 0.5206 5.cos 64.8 0.4258 ten-thousandth. 25 D\B;

Use the fi find each trij ic ratio. E: ‘\/ﬁ —_ .
amewera o fraction s as & decimal rounded to the - %f 28. Y22 = 0.1961 28. sin A 29. tan B 30. cos A
nearest ten-thousandth. a

Gros Tan B 8sinA N 31. sin x° 32. cos x° 33. tan A
VT 3_ Vo 29. - = 5.0000
o ST 3= o~ o 34. cos B 35. sin y° 36. tan x°

_||u1

Find the measure of each acute angle to the nearest tenth of a degree.

9.sin B = 0.7823 51.5 10. tan A = 0.2356 13.3 11. cos R = 0.6401 50.2 30 5\/_6 ~ U 9806

Find x. Round to the nearest tenth. Find the measure of each angle to the nearest tenth of a degree.

" e _ e 31. 5\/_6 ~0.9806 37. sinB=07245 46.4  38. cos C = 0.2493 75.6  39. tan E = 9.4618 84.0

. : 40. sin A = 04567 27.2  41. cos D = 0.1212 83.0  42. tan F = 0.4279 23.2
15. GEOGRAPHY Diego used a theodolite to map a region of land for his 32. V_ ~ 0.1961

class in geomorphology. To determine the elevation of a vertical rock
formation, he measured the distance from the base of the formation to

his position and the angle between the ground and the line of sight to T
the top of the formation. The distance was 43 meters and the angle was 1

36 degrees. What is the height of the formation to the nearest meter? 31 m 33 —_— = 0 2000

Find x. Round to the nearest tenth.

43. 8.5 44. 44.9 45. 28.2 o

Reading to Learn ELL \/%6 X X
Mathematics, p. 373 34. Y =~ 0.1961 - 17 12
Pre-Activity How can angle 26 19 60
Read the introduction to Lesson 7-4 at the top of page 364 in your textbook. '\/g
© Why is it important to determine the relative positions accurately in 35 — = 0 1 961 1
navigation? (Give two possible reasons.) Sample answers: (1) To
£l comiciaTelimen iz snd ] o preved hios
rom losing their X
« What doesectibrated mean? Sample answer: marked precisely to 36 5 _ 5.0000 46. 29.1 47. 6.6 22.6 48. 39.8 O
permit accurate measurements to be made . 1 - - 34 170 X . 18 15

Reading the Lesson

1. Refer to the figure. Write a ratio using the side lengths in the M N
figure to represent each of the following trigonometric ratios. v ]
AsinN% BAcnsN% © X
C. tan v MP. D. tan 31 NP . . .
-tan N Np - tan M 5 368 Chapter 7 Right Triangles and Trigonometry
E. sin M o F. cos M e David R. Frazier/Photo Researchers

2. Assume that you enter each of the expressions in the list on the left into your caleulator.

Match each of these expressions with a deseription from the list on the right to tell what
you are finding when you enter this expression.

a. sin 20 v i.the degree measure of an acute angle whose cosine is 0.8 .
b. cos 20 i i the ratio of the length of the leg adjacent to the 20° angle to the En"chment, P- 374
e sin-10.8 Vi length of hypotenuse in a 20°-70°-90° triangle
& tan-1 0.8 jii | ii-the degree measure of an acute angle in a right triangle for
. i which the ratio of the length of the opposite leg to the length of Sine and Cosine of Angles
e tan 20 iV the adjacent leg is 0.8 The following di be used fo obtai mate values for the o
e . ¢ ) . e following diagram can be used to obtain approximate values for the sine
£ cos 108 1| i the ratio of the length of the leg opposite the 20° angle to the and cosine of angles from 0° to 90°. The radius of the circle is 1. So, the sine
length of the leg adjacent to it in a 20°-70°-90° triangle and cosine values can be read directly from the vertical and horizontal axes.
. the ratio of the length of the leg opposite the 20° angle to the o .
length of hypotenuse in a 20°-70°-90° triangle T e
vi. the degree measure of an acute angle in a right triangle for
which the ratio of the length of the opposite leg to the length of 09 ] 60
the hypotenuse is 0.8
08 s
. /
Helping You Remember o7
3
3. How can the co in cosine help you to remember the relationship between the sines and 1
cosines of the two acute angles of a right triangle? 06
Sample answer: The co in cosine comes from complement, as in IS w0
complementary angles. The cosine of an acute angle is equal to the sine
of its complement. 0
S,
SR =

368 Chapter 7 Right Triangles and Trigonometry



49. AVIATION A plane is one mile above sea level Answer
when it begins to climb at a constant angle of 3° 3
for the next 60 ground miles. About how far above /D/ﬂ 62. Sample answer: Surveyors use a
sea level is the plane after its climb? 4.1 mi } 60 mi {

theodolite to measure angles to
determine distances and heights.
Answers should include the
following.

¢ Theodolites are used in
surveying, navigation, and
meteorology. They are used to
measure angles.

e The angle measures from two
points, which are a fixed
distance apart, to a third point.

SAFETY For Exercises 50 and 51, use the following information.
To guard against a fall, a ladder should make an angle of 75° or
less with the ground.
50. What is the maximum height that a 20-foot ladder can
reach safely? 19.32 f
51. How far from the building is the base of the ladder at the
maximum height? 5.18 fi

COORDINATE GEOMETRY Find the measure of each angle to the nearest tenth
in each right triangle.

52. /] in AJCL for J(2,2), C(2, —2), and L(7, —2) about 51.3
53. ~C in ABCD for B(—1, —5), C(=6, —5), and D(—1, 2) about 54.5
54. £ X in AXYZ for X(—5,0), Y(7, 0), and Z(0, \/35) 49.8

56. x = 41.8; [J 55. Find the perimeter of AABC if mz£ A = 35, m/C = 90, and AB = 20 inches.
y=29.2 about 47.9 in.
57. x=11.1; Find x and y. Round to the nearest tenth.

y=234 [ 56. o 057 [ 58. c

I
w
N
o
>

59. about 272,837 » 2 u

astronomical units 12— 52 =

60. The stellar D
parallax would be
too small.

62. See margin.

ASTRONOMY For Exercises 59 and 60, use the following information.
* One way to find the distance between the sun and a relatively close star is to
5 determine the angles of sight for the star exactly six months apart. Half the measure
formed by these two angles of sight is called the stellar parallax. Distances in space
i are sometimes measured in astronomical units. An astronomical unit is equal to the
i average distance between Earth and the sun.

0.00021°
(stellar parallax)

Alpha
Centauri

Sun
Earth (6

months
later)

0.00021°
(stellar parallax)

Astr ononmy ' 59. Find the distance between Alpha Centauri and the sun.
The stellar parallax is one 60. Make a conjecture as to why this method is used only for close stars.
of several methods of

triangulation used to 61. CRITICAL THINKING Use the figure at the right to A
determine the distance of

nearby star relative to
a more distant star.

stars from the sun. Another find sin x°. - 2v2 10 8
method is trigonometric 5
parallax, which measures 62. Answer the question that was D — B
the displacement of a posed at the beginning of the lesson.

How do surveyors determine angle measures?

Source: wwinfoplease.com Include the following in your answer:
. Exercise 61
e where theodolites are used, and
o the kind of information one obtains from a theodolite.
| _._-_, www.geometryonline.com/self_check_quiz Lesson 7-4 Trigonometry 369

StockTrek/CORBIS

Answers (p. 368)

12
18.3—~032,3—7~095,E~034,3—7~u95,3—7~032,ﬁ~2.92
19.ﬁ~0.58;ﬁ-'0.82;ﬁ~0.71;ﬁ~0.82;%z0.58;\/§~1.41
20.1—o5: \{ 0.87; \/_~058 \/_~087 —-0.5;\/§~1.73

~0.67;_5~0.75;i~089 £~o75 3~ 0.67; \/_~1 12
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Open-Ended Assessment

Speaking Draw and label the
sides and angles of several right
triangles on the board, and call
on volunteers to name the sides
they would use to find the sine,
cosine, and tangent of the angles.
Encourage students to use the
terms opposite, adjacent, and
hypotenuse when naming the sides.

Getting Ready for
Lesson 7-5

Prerequisite Skill Students will
learn about angles of elevation
and depression in Lesson 7-5.
They will use angle relationships
and trigonometry to find distances
and angles. Use Exercises 77-82
to determine your students’
familiarity with determining
angle relationships among angles
formed by parallel lines and a
transversal.

Assessment Options

Quiz (Lessons 7-3 and 7-4) is
available on p. 407 of the Chapter 7
Resource Masters.

Mid-Chapter Test (Lessons 7-1
through 7-4) is available on

p- 409 of the Chapter 7 Resource
Masters.

Answers
65.cscA=—secA—%,cotA—%;
cscB=—secB— cotB—%
66. csc A = 1g,secA—
cotA= 12,t:scB——3
secB—12,cotB——
67.cscA=2;secA=$;
colA=\/§;cscB=M;
i

sec B=2;cot B=

68. cscA=\/§; secA=\/§;
cot A=1;csc B=V?2;
sec B=V2;cotB=1

Standardized

_ Test Practice
&®> B> T Do

Extending
the Lesson

63. Find cos C. C B 5

® 32 3 c

5 4 3
4 5

© 3 @ 5 4
64. ALGEBRA If x2 = 152 + 242 — 15(24), find x. B

@ 20.8 21 © 12 @ 9
Each of the basic trigonometric ratios has a A
reciprocal ratio. The reciprocals of the sine,
cosine, and tangent are called the cosecant, b ¢
secant, and the cotangent, respectively.

c a B
Reciprocal | Trigonometric Ratio | Abbreviation Definition
1 measure of the hypotenuse Ic)
sin A cosecant of LA csc A measure of the leg opposite /A~ a
1 measure of the hypotenuse ®
cos A secantof LA sec A measure of the leg adjacent ZA ~ b
f the | dj t LA

- cotangent of LA cot A e e e e =b

S tan A measure of the leg opposite A a)

Use AABC to find csc A, sec A, cot A, csc B, sec B, and cot B. Express each ratio as
a fraction or as a radical in simplest form. 65—68. See margin.

65. a=3,b=4,andc =5 66. a =12,b=5,and c = 13
67.a=4,b=4\/§,andc=8 68.a=2\/§,b=2\/§,andc=4

Maintain Your Skills

Mixed Review

Getting Ready for
the Next Lesson

Find each measure. (Lesson 7-3) B

69. fa=4 findbandc. b=4V3,c=8 [0~

70. If b = 3, find s and c. a=\/§, c= 2\/5 = 30°
(o]
71. Ifc =5, findaand b. a= 2.5, b= 2.5\/5

Determine whether each set of measures can be the sides of a right triangle.
Then state whether they form a Pythagorean triple. (Lesson 7-2)

72. 4,5,6 N0, N0 73. 5,12,13 yes, yes 74. 9,12, 15 yes, yes75. 8,12, 16 no, no

76. TELEVISION During a 30-minute television program, the ratio of minutes of
commercials to minutes of the actual show is 4 : 11. How many minutes are
spent on commercials? (Lesson 6-1) 8 min

PREREQUISITE SKILL Find each angle measure if i | k. (7o review
angles formed by parallel lines and a transversal, see Lesson 3-2.) s ‘
77. m215 117 78. ms7 30
79. ms/3 150 80. m/12 63 1.7 8\9 p
81. m,11 63 82. ms4 150 33 10\
4 _~% 12 117

A
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Angles of Elevation
and Depression

What  Yowll Learn

Solve problems involving angles of elevation.

Solve problems involving angles of depression.

5-Minute Check
Transparency 7-5 Use as a
quiz or review of Lesson 7-4.

do airline pilots use angles

HOW of elevation and depression?

Vocabulary

angle of elevation

angle of depression A pilot is getting ready to take off from Mountain Valley airport. She looks up at

the peak of a mountain immediately in front of her. The pilot must estimate the
speed needed and the angle formed by a line along the runway and a line from

the plane to the peak of the mountain to clear the mountain. Mathematical Background notes

are available for this lesson on

p. 340D.
ANGLES OF ELEVATION An A ]
angle of elevation is the angle between . . do airline pilots use
the line of sight and the horizontal fne of\s:ght H ow angles of elevation and
when an observer looks upward. so depression?
e Ask students:

¢ In the right triangle formed by
the pilot’s scenario, what
triangle side does the height of
the mountain represent? What

Angle of Elevation

AVIATION The peak of Goose Bay Mountain is 400 meters higher than the
end of a local airstrip. The peak rises above a point 2025 meters from the end

of the airstrip. A plane takes off from the end of the runway in the direction of
the mountain at an angle that is kept constant until the peak has been cleared.
If the pilot wants to clear the mountain by 50 meters, what should the angle of
elevation be for the takeoff to the nearest tenth of a degree?

Make a drawing.

does the line along the runway
represent? the side opposite the
unknown angle, the side adjacent
to the unknown angle

¢ If the pilot is going to calculate

the angle that she needs to
clear the mountain given the
height of the mountain and the
horizontal distance from her
takeoff point to the base of the
mountain, what trigonometric
ratio would she use? tangent

o _ CD _ opposite
tan x° = AC tan = adjacent
o 450 _ _
tan x 2025 CD = 450, AC = 2025
L _1( 450 )
x = tan (72025 Solve for x.
x =125 Use a calculator.

The angle of elevation for the takeoff should be more than 12.5°.
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ANGLES OF DEPRESSION An B angle of depression
2 Tea c h angle of depression is the angle between . —
the line of sight when an observer looks line of sight —_
downward, and the horizontal. '
ANGLE OF ELEVATION

ln—C’ass Exam ’6 Power
2 P°‘"‘®¢'> Standardized Angle of Depression

DCIRCUS ACTS At the circus, Tesg rgg’é& Short-Response Test Item

a person in the audience at The tail f - 35 feot ab
e tailgate of a moving van is 3.5 feet above 10
ﬁroﬁnd, level V\{atCI1Aes5t?e the ground. A loading ramp is attached to the ==t ————
1gh-wire routine. Ao OOF' rear of the van at an incline of 10°. Find the fm\
6-inch tall acrobat is standmg length of the ramp to the nearest tenth foot.

on a platform that is 25 feet
off the ground. How far is
the audience member from
the base of the platform, if
the angle of elevation from
the audience member’s line

Read the Test Item

The angle of depression between the ramp and the horizontal is 10°. Use
trigonometry to find the length of the ramp.

Solve the Test Item

of sight to the top of the Method 1 Method 2
acrobat is 27°? ahout 60 ft
ANGLE OF DEPRESSION The ground and the horizontal level The horizontal line from the back of
with the back of the van are parallel. the Vag andhth‘s Selégrr;el;lt from the
= £ Therefore,m/ DAB =m/ ABC since ground to the back of the van are
In-Class bdeP les | Eg;’.:te(:) | they are alternate interior angles. perpendicular. So, ZDAB and ZBAC
< . . _ 35 are complementary angles. Therefore,
TMChiﬂg TIP Remind students sin 10° = 7 m/ BAC = 90 —10 or 80.
to draw upon their previous AB sin 10° = 3.5 cos 80° = 35
knowledge of angle relationships 35 AB
formed by two parallel lines and AB = G100 AB cos 80° = 3.5
a transversal. Students may want AB =202 AB = —35
to review these relationships. cos 80°
The ramp is about 20.2 feet long. AB =202

aA wheelchair ramp is 3 meters
long and inclines at 6°. Find
the height of the ramp to the
nearest tenth centimeter.

Angles of elevation or depression to two different objects can be used to find the
distance between those objects.

about 31.4 cm . Indirect Measurement
BVernon is on the top deck of a SfUdY T’P Olivia is in a lighthouse on a cliff. She

cruise Ship and observes two Cqmmon ) observes two sailboats due east of the

dolphins following each other M’560"66Pf10"' lighthouse. The angles of depression to

N p & X _The angle of depression the two boats are 33° and 57°. Find the
dlreCﬂy away from the Shlp is often not an angle distance between the two sailboats to
in a straight line. Vernon’s ©fthe riangl, but he the nearest foot.
. € plement to an angle

position is 154 meters above of the triangle. In ADBC, ACDA and ACDB are right triangles, and

sea level, and the angles of the angle of depression is and CD =110 +85 or 195. The distance

depression to the two BCE not £DCH between the boats is AB or BD — AD. Use

dolphins are 35° and 36°. Find the right triangles to find these two lengths.

the distance between the two 372 Chapter 7 Right Triangles and Trigonometry

dolphins to the nearest meter.

about 8 m

Differentiated Instruction

< T Kinesthetic Using a meterstick and a calculator, groups of students can find
s angles of elevation and depression for different objects in the classroom.
Groups can measure one person’s eye level from the floor, and the topmost
height of a wall clock from the floor. The person stands 5 feet away from
the clock, and the group calculates the angle of elevation from the person'’s
line of sight to the top of the object. Repeat for items placed on the floor,
and include variations like having the person stand on a chair, or placing
two objects on the floor a certain distance from each other. Y,

372 Chapter 7 Right Triangles and Trigonometry



Because CE and DB are horizontal lines, they are parallel. Thus, ~ECB = £/ CBD
and LECA = £CAD because they are alternate interior angles. This means that
m/CBD = 33 and m£CAD = 57.

DB tan 33° = 195

19
DB

opposite _
adjacent ’

tan 33° = tan = m/CBD = 33

Multiply each side by DB.

_ 195 o _ .
DB = tan 33° Divide each side by tan 33°.
DB = 300.27  Use a calculator.
o _ 195 _ opposite _ B
tan 57° = DA tan = adjacent ' m/.CAD = 57
DA tan 57° = 195 Multiply each side by DA.
_ 195 : .
DA = tan 57° Divide each side by tan 57°.
DA=126.63 Use a calculator.

The distance between the boats is DB — DA.
DB — DA = 300.27 — 126.63 or about 174 feet.

Check for Understanding

Concept Check 1.

Guided Practice 4.
GUIDED PRACTICE KEY

Exercises | Examples
4,5 1 5.
6 2
7 3

Standardized 7.

Test Practice
o> > D>

=
T

. Explain why an angle of elevation is given

. Name the angles of depression and elevation

. SALVAGE A salvage ship uses sonar to

‘' www.geometryonline.com/extra_examples

OPEN ENDED Find a real-life example of 1-2. See margin.
an angle of depression. Draw a diagram and

identify the angle of depression. A P F

that name.

in the figure. The angle of depression is £FPB
and the angle of elevation is ~ TBP.

AVIATION A pilot is flying at 10,000 feet and wants to take the plane up to
20,000 feet over the next 50 miles. What should be his angle of elevation to the
nearest tenth? (Hint: There are 5280 feet in a mile.) about 2.2°

SHADOWS Find the angle of elevation of the sun when a 7.6-meter flagpole
casts a 18.2-meter shadow. Round to the nearest tenth of a degree. 22.7°

determine that the angle of depression to a
wreck on the ocean floor is 13.25°. The depth

3 Practice/Apply

Study Notebook

Have students—

* add the definitions/examples of
the vocabulary terms to their
Vocabulary Builder worksheets for
Chapter 7.

* include any other item(s) that they
find helpful in mastering the skills
in this lesson.

About the Exercises...

Organization by Objective

* Angles of Elevation: 12,
14-18

* Angles of Depression: 8-11,
13, 19-20

0dd/Even Assignments
Exercises 8-20 are structured
so that students practice the
same concepts whether they
are assigned odd or even
problems.

Alert! Exercise 23 requires the
Internet or other research
materials.

chart shows that the ocean floor is 40 meters
below the surface. How far must a diver
lowered from the salvage ship walk along the
ocean floor to reach the wreck? about 169.9 m

SHORT RESPONSE  From the top of
a 150-foot high tower, an air traffic

controller observes an airplane on s
b e=r=]

Assignment Guide
Basic: 9-23 odd, 2648
Average: 9-25 odd, 26-48

Advanced: 8-26 even, 27-40
(optional: 41-48)

the runway. To the nearest foot, how
far from the base of the tower is the
airplane? 706 ft

Lesson 7-5 Angles of Elevation and Depression 373

Answers

1. Sample answer: L ABC
B

2. Sample answer: An angle of elevation is
called that because the angle formed by a
horizontal line and a segment joining two
endpoints rises above the horizontal line.
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O indicates increased difficulty
Study Guide and Intervention, Practice and Apply
p- 375 (shown) and p. 376

Angles of Elevation Many real-world problems that involve

Angles of Elevation Many realvorld poblems that ivols S8 8. BOATING Two boats are observed by a parasailer 75 meters above a lake. The
e Dot i el peioem an observers ine ofight xﬁ angles of depression are 12.5° and 7°. How far apart are the boats? ahout 273 m
For : See

Exercises : Examples
The anle of elevation from point A to the top : P
of a cliff is 34°. If point A is 1000 feet from the base of the cliff, 12 14_]8 : 1

b

9. GOLF A golfer is standing at the tee,

how high is the cliff? . H .

B o el oz o G . looking up to the green on a hill. If the
an 4 = gy - S 81519, | 3 tee is 36 yards lower than the green

T 0 and the angle of elevation from the tee

The height of the cliff is about 674.5 feet. : o H H
i Extra Practice to the hole is 12°, find the dlstaznce from
ey See page 768. the tee to the hole. about 173.2 yd

Solve each problem. Round measures of segments to the nearest whole number
and angles to the nearest degree.

B o D e e e 10. AVIATION After flying at an altitude of 500 meters, a helicopter starts to
ot ’ descend when its ground distance from the landing pad is 11 kilometers. What
o is the angle of depression for this part of the flight? ahout 2.6°

2. Find the angle of elevation of the sun when a 12.5-meter-tall Hsn

telephone pole casts a 18-meter-long shadow.

35° 25m . . . .

W J . 11. SLEDDING A sledding run is 300 yards long with a vertical drop of 27.6 yards.

3. A ladder leaning against a building makes an angle of 78° Flnd the angle Of depreSSion Of the run. a bou‘ 5 . 3°

with the ground. The foot of the ladder is 5 feet from the

building. How long is the ladder? A

2 L -¢12. RAILROADS The Monongahela Incline overlooks the city of Pittsburgh,

That person observes an air traffic controller at the window
of the 132-foot tower. What is the angle of elevation?

52°

on the runway of an airport 100 feet from the control tower. A
railway. about 35.6°

1321

4. A person whose eyes are 5 fect above the ground is standing _ Pennsylvania. Refer to the information at the left to determine the incline of the
£ i

5

AMUSEMENT PARKS From the top
of a roller coaster, 60 yards above the
ground, a rider looks down and sees
the merry-go-round and the Ferris
wheel. If the angles of depression are
11° and 8° respectively, how far apart
are the merry-go-round and the
Ferris wheel? about 118.2 yd

= 13

Skills Practice, p. 377 and
Practice, p. 378 (shown)

Name the angle of depression or angle of elevation in each figure.

L7 A P S

]

L

T

[=[=[=[=}
Doog
Sooo
[=(=[=[=]

LTRZ; LYZR LPRM; LLMR

3. WATER TOWERS A student can see a water tower from the closest point of the soccer
field at San Lobos High School. The edge of the soccer field is about 110 feet from the
water tower and the water tower stands at a height of 32.5 feet. What is the angle of
elevation if the eye level of the student viewing the tower from the edge of the soccer
field is 6 feet above the ground? Round to the nearest tenth degree.

about 13.5°

CIVIL ENGINEERING For Exercises 14 and 15, use the following information.

The percent grade of a highway is the ratio of the vertical rise or fall over a given
horizontal distance. The ratio is expressed as a percent to the nearest whole number.
Suppose a highway has a vertical rise of 140 feet for every 2000 feet of horizontal

4. CONSTRUCTION A roofer props a ladder against a wall so that the top of the ladder
reaches a 30-foot roof that needs repair. If the angle of elevation from the bottom of the
ladder to the roof is 55°, how far is the ladder from the base of the wall? Round your

answer to the nearest foot. 3
about 21 1t distance.
H 0,
5. TOWN ORDINANCES The o of Belmont esrits the height 14. Calculate the percent grade of the highway. 7%
of flagpoles to 25 feet on any pfoperty.vLindsay wants to determine I . . . . . °
e b ot o e o ataniee e e Em—| 15. Find the angle of elevation that the highway makes with the horizontal. ahout 4

flagpole. If the angle of elevation is about 25°, what is the height "
of the flagpole to the nearest tenth foot?

about 223 Railrodds e------s--er- i 16. SKIING A ski run has an angle of elevation of 24.4° and a vertical drop of
6. GEOGRAPHY Stephan s standing on a mesa at the Painted Desert. The levation of 1100 feet. To the nearest foot, how long is the ski run? 2663 ft

the mesa is about 1380 meters and Stephan’s eye level is 1.8 meters above ground. If The Monongahela Incline

Stephan can see a band of multicolored shale at the bottom and the angle of depression . .

is 29°, about how far is the band of shale from his eyes? Round to the nearest meter. is 635 feet Iong with a ) . ) )
about 2850 m vertical rise of 369.39 GEYSERS For Exercises 17 and 18, use the following information.

7. INDIRECT MEASUREMENT Mr. Domingues is standing — feet. It was built at a cost Kirk visits Yellowstone Park and Old Faithful on a perfect day. His eyes are 6 feet
o o the bh b, I i i o S 6 ot v ¥ of $50,000 and opened from the ground, and the geyser can reach heights ranging from 90 feet to 184 feet.
the ground and the angles of depression to his dogs are 34° o g q
and 48°, how far apart are the dogs to the nearest foot? | > on May 28, 1870. It is still If Kirk ds 2 P ¢ h d th . . 175 § .
about 27 ft - used by commuters to 17. irk stands 200 feet from the geyser and the eruption rises 175 feet in

Reading to Learn and from Pittsburgh. the air, what is the angle of elevation to the top of the spray to the nearest

. ] : ? 40.2°
Mathematlcs, p- 379 Source: www. portauthority.org tenth? about 40
. , .
Pre-Activity How do airline pilots use angles of elevation and depression? 18. In the afternoon, Kirk returns and observes the geyser's spray reach a helght of
Read the introduction to Lesson 7-5 at the top of page 371 in your textbook. 123 feet when the angle of elevation is 37°. How far from the geyser is Kirk
What does the angle measure tell the pilot? Sample answer: how .
steep her ascent must be to clear the peak standing to the nearest tenth of a foot? ahout 155.3 ft
Reading the Lesson
1. erto the gure. The v obervers ave Lcking st y e [J 19. BIRDWATCHING Two observers are 200 feet apart, in line with a tree
one another. Select e correct choice for each question. top of building . . . . .
a. What s the fine of sight? i . Z containing a bird’s nest. The angles of elevation to the bird’s nest are
(i) line RS (i) line ST (i) line RT' (iv) line 7U o1 groms ™ s

30° and 60°. How far is each observer from the base of the tree? 100 ft, 300 ft

b. What is the angle of elevation? ii
() ZRST (i) ZSRT (i) LRTS (iv) ZUTR

. What is the angle of depression? iV 374 Chapter 7 Right Triangles and Trigonometry

() ZRST (i) 2SRT (i) LRTS (iv) LUTR

o

~

. How are the angle of elevation and the angle of depression related? i
(i) They are complementary.

(i) They are congruent.
(iii) They are supplementary.
(iv) The angle of elevation is larger than the angle of depression.

e. Which postulate or theorem that you learned in Chapter 3 supports your answer for En "Ch 1111 el’lt, p. 3 80
part ¢? iv
(i) Corresponding Angles Postulate
(if) Alternate Exterior Angles Theorem Reading Mathematics
(i) Consecutive Interior Angles Theorem The three most common trigonometric ratios are 8
(iv) Alternate Interior Angles Theorem sine, cosine, and tangent. Three other ratios are the
cosecant, secant, and cotangent. The chart below
2. A student says that the angle of elevation from his eye to the top of a flagpole is 135°. shows abbreviations and definitions for all six ratios. ° o
What is wrong with the student’s statement? Refer to the triangle at the right.
An angle of elevation cannot be obtuse.
‘Abbreviation Read as: Ratio ~ - o
Helping You Remember sin A the sine of £ A legopposte £4 -2
3. A good way to remember something is to explain it to someone else. Suppose a classmate cos A the cosine of ZA leg adjacentto LA _ b
finds it difficult to distinguish between angles of elevation and angles of depression. What B hypotenuse ¢
are some hints you can give her to help her get it right every time? Sample answers: egoppoain 24 _ 2
(1) The angle of depression and the angle of elevation are both measured tan A thetangentof L4 | 4 Saceno 24 B
between the horizontal and the line of sight. (2) The angle of depression P A
is always congruent to the angle of elevation in the same diagram. csc A the cosecant of £A | TMPOIeruSe 2

leg opposite LA 2

(3) Associate the word elevation with the word up and the word
depression with the word down. sec A the secant of LA | —hupotenuse___ ¢
Teg adjacent 1o ZA
L W/W'—\—/\/\—/
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20. METEOROLOGY The altitude of the base of a cloud R
formation is called the ceiling. To find the ceiling one
night, a meteorologist directed a spotlight vertically
at the clouds. Using a theodolite placed 83 meters
from the spotlight and 1.5 meters above the ground,
he found the angle of elevation to be 62.7°. How high
was the ceiling? about 162.3 m

Answer

27. Answers should include the
following.

¢ Pilots use angles of elevation
when they are ascending and
angles of depression when

MEDICINE For Exercises 21-23, use the following information. descending.
A doctor is using a treadmill to assess the strength of a patient’s heart. At the ¢ Angles of elevation are formed
beginning of the exam, the 48-inch long treadmill is set at an incline of 10°. when a person looks upward
More About. . . 21. How far off the horizontal is the raised end of the treadmill at the beginning of and angles of depression are
the exam? about 8.3 in. formed when a person looks
22. During one stage of the exam, the end of the treadmill is 10 inches above the downward.

horizontal. What is the incline of the treadmill to the nearest degree? 12°

23. Suppose the exam is divided into five stages and the incline of the treadmill is
increased 2° for each stage. Does the end of the treadmill rise the same distance
between each stage? N0

:--¢ 24, TRAVEL Kwan-Yong uses a theodolite to measure the angle of elevation from
i [ the ground to the top of Ayers Rock to be 15.85°. He walks half a kilometer
Travel « closer and measures the angle of elevation to be 25.6°. How high is Ayers Rock
to the nearest meter? ahout 348 m

Ayers Rock is the largest
monolith, a type of rock
formation, in the world. [J 25. AEROSPACE On July 20, 1969, Neil
Itis approximately Armstrong became the first human to
el onsand walk on the moon. During this mission,
2 kilometers wide. The rock : .
S : Apollo 11 orbited the moon three miles
is believed to be the tip of o
a mountain. two thirds above the surface. At one point in the
of which is underground. orbit, the onboard guidance system
Source: www.atn.com au measured the angles of depression to
the far and near edges of a large crater.
The angles measured 16° and 29°,
respectively. Find the distance across
the crater. about 5.1 mi

M Online Research Data Update Use the Internet to determine the angle

== of depression formed by someone aboard the international space station
looking down to your community. Visit www.geometryonline.com/data_update
to learn more.

26. CRITICAL THINKING Two weather observation stations are 7 miles apart. A
weather balloon is located between the stations. From Station 1, the angle of
elevation to the weather balloon is 33°. From Station 2, the angle of elevation to
the balloon is 52°. Find the altitude of the balloon to the nearest tenth of a mile.
about 3.0 mi

27. Answer the question that was posed at the beginning
of the lesson. See margin.
How do airline pilots use angles of elevation and depression?
Include the following in your answer:
* when pilots use angles of elevation or depression, and

e the difference between angles of elevation and depression.

;_._, www.geometryonline.com/self_check_quiz Lesson 7-5 Angles of Elevation and Depression 375

John Photo Library/Phot

Teacher to Teacher
Susan M. Parece Plymouth South High School, Plymouth, MA

[ like Y0 make a clinometer (also called a hypsometer) and have my students
try fo measure objects in the schoolyard, such as height of the building, height
of the flagpole, and height of the lights. (Directions can be found at
www.globe.org.uk/activities/toolkit/follkit.pdf))

/
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Open-Ended Assessment

Modeling Using a ruler, have
students model different angles

Standardized

Test Practice
@« > D>

28. The top of a signal tower is 120 meters
above sea level. The angle of depression
from the top of tower to a passing ship
is 25°. How many meters from the foot
of the tower is the ship? B

@ 2839 m 2573 m
@ 1324 m @ 56m

of elevation and depression and v . 1

name real-world situations that 29. ALGEBRA If 0 = 7o, then find x wheny = 5. A

the angle depicted could be D) % % © % @ 3%
modeling.

Getting Ready for Maintain Your Skills

Lesson 7-6

Prerequisite Skill Students will
learn about the Law of Sines in
Lesson 7-6. They will use
proportions to solve for side
lengths and angle measures. Use
Exercises 41-48 to determine
your students’ familiarity with
solving proportions.

Mixed Review

Getting Ready for
the Next Lesson

Find the measure of each angle to the nearest tenth of a degree. (Lesson 7-4)
30. cos A =0.6717 47.8  31. sin B = 05127 30.8  32. tan C = 2.1758 65.3
33. cos D =0.3421 70.0  34. sin E = 0.1455 8.4 35. tan F = 0.3541 19.5

Find x and y. (Lesson 7-3)

36. 37. 38.
X y 20

14
12 > Y
] u

y X x
6V2;6V2 14\/3 ; 28 10V3; 10

39. HOBBIES A twin-engine airplane used for medium-range flights has a length
of 78 meters and a wingspan of 90 meters. If a scale model is made with a
wingspan of 36 centimeters, find its length. (Lesson 6-2) 31.2 ¢cm

40. Copy and complete the flow proof. (Lesson 4-6)

Given: /5= /6 F G
FR =GS v
Prove: 4= 23 SN
Proof: A S
L5=/L6
Given \ X =0GX /4=/3
FR=GS —> AFXR=AGXS —> .. 4 —> .. ?
Given 2 AAS d ? | ?
a.__2 '_ "CPCTC Isos. A Th.
Vert. 4 are =.
£Z1=/2

PREREQUISITE SKILL Solve each proportion.

(To review solving proportions, see Lesson 6-1.)

x _ 35 3_5 12 _ 24 24 _ x
A= 5 2. 0= 21 3. 5= 34 “ 5o=55 10
12 _ 48 x _ 5 28 _ 7 x _ 3 60
45, B 52 46. B8 11.25 47. == 3.75 48. 0= 13

376 Chapter 7 Right Triangles and Trigonometry
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Vocabulary

Law of Sines
solving a triangle

Study Tip

Obtuse Angles
There are also values for
sin A, cos A, and tan A,
when A = 90°. Values of
the ratios for these angles
will be found using the
trigonometric functions
on your calculator.

The Law of Sines

What  Yowll Learn

Use the Law of Sines to solve triangles.

Solve problems by using the Law of Sines.

are triangles used in
radio astronomy?

How

The Very Large Array (VLA), one of the
world’s premier astronomical radio
observatories, consists of 27 radio antennas
in a Y-shaped configuration on the Plains of
San Agustin in New Mexico. Astronomers
use the VLA to make pictures from the radio
waves emitted by astronomical objects.
Construction of the antennas is supported
by a variety of triangles, many of which are
not right triangles.

THE LAW OF SINES 1In trigonometry, the Law of Sines can be used to find
missing parts of triangles that are not right triangles.

Key Concept I T 7]

Let AABC be any triangle with a, b, and c representing
the measures of the sides opposite the angles with

measures A, B, and C, respectively. Then b a
sinA _ sinB _ sinC
a b c
A 7 B

Law of Sines

AABC is a triangle with an altitude from C that
intersects AB at D. Let h represent the measure

of CD. Since AADC and ABDC are right triangles,
we can find sin A and sin B.

9]

S
>
Y

sin A = h sin B = Definition of sine

b
bsinA=h asin B =h Cross products

~— v

Q=
=}

bsin A =asinB Substitution

% = % Divide each side by ab.

The proof can be completed by using a similar technique with the other altitudes

to show that sin A sin C and 32 B _ SHZ C.
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THE LAW OF SINES

In-Class Examples | Point® |
1] i
a.

Find p. Round to the
nearest tenth.
Q

17° 29°
P R
4.8

. Find m /L to the nearest

degree in ALMN if n =7,
€ =9,and msN = 43.
61

Teaching Tip To save a
step, students can also write
a sin B = b sin A and then
substitute values to solve.

. Solve ADEF if m/D = 112,

m/F =8,and f = 2.
d=13.2; e = 12.4;
m/E =60

. Solve AIJKif m/ ] = 32,

i =30,and j = 16.
k= 217.3; m£I = 83.5;
m/K=64.5

Study Tip
Rounding
If you round before the
final answer, your results
may differ from results in
which rounding was not
done until the final answer.

Study Tip

Look Back
To review the Angle Sum
Theorem, see Lesson 4-2.

Use the Law of Sines

a. Find b. Round to the nearest tenth. B
Use the Law of Sines to write a proportion. 68°
sinA _ sinB . 3
— = Law of Sines
a b a7
%:% m/A =37,a=3m.B = 68 A b ©
b sin 37° = 3 sin 68° Cross products
_ 35sin 68° .. . . o
= Sin37e Divide each side by sin 37°.
b=46 Use a calculator.

b. Find m£Z to the nearest degree in AXYZ if y = 17, z = 14, and m£Y = 92.

Write a proportion relating 2Y, 2Z, y, and z.
sinY _ sinZ

Law of Sines
y z
sin 92° _ sinZ _ _ _
17 =1 msY =92,y=17,z=14
14 sin 92° = 17 sin Z  Cross products
% =sin Z Divide each side by 17.
sin~! (%) =Z Solve for Z.
55° = Use a calculator.
So, m/.Z = 55.

The Law of Sines can be used to solve a triangle. Solving a triangle means
finding the measures of all of the angles and sides of a triangle.

Solve Triangles

a. Solve AABCif m/A =33, m/B =47,and b = 14. Cc
Round angle measures to the nearest degree and

side measures to the nearest tenth. b a
We know the measures of two angles of the triangle.
Use the Angle Sum Theorem to find mZC. c
msA + msB + msC =180 Angle Sum Theorem
33 +47 + m£C =180 mzsA =33, m/B = 47
80 + m£C =180 Add.
m/.C = 100 Subtract 80 from each side.
Since we know m /B and b, use proportions involving SH;; B
To find a: To find c:
sinB _ sinA . sinB _ sinC
— = Law of Sines —_— =
b a b c
sin 47° _ sin 33° . sin 47° _ sin 100°
7 Substitute. VR —
a sin 47° = 14 sin 33° Cross products ¢ sin 47° = 14 sin 100°
_ 14 sin 33° .. . . o _ 14sin 100°
a=—Gnare Divide each side by sin 47°. Tendr
a =104 Use a calculator. c =189

Therefore, m/.C = 100, a = 10.4, and ¢ = 18.9.

378 Chapter 7 Right Triangles and Trigonometry

INTERVENTION
=gy

u\”

Differentiated Instruction

Interpersonal Separate the class into groups of three students to work
through the exercises. One group member can select the exercise. The
second member sets up the equation for the Law of Sines and fills in
the values. The third person uses a calculator to solve the problem.
Group members can rotate tasks so each member participates in each
responsibility.

4
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Study Tip

An Equivalent

Proportion
The Law of Sines may
also be written as

a

SinA _ sinB _ sinC
You may wish to use this
form when finding the
length of a side.

=
T

‘' www.geometryonline.com/extra_examples

C

b. Solve AABC if m£C = 98, b = 14, and ¢ = 20. Round angle measures to the

nearest degree and side measures to the nearest tenth.

We know the measures of two sides and an angle opposite one of the sides.

sinB _ sinC

b
sin B _ sin 98°
14 20
20 sin B = 14 sin 98°
. _ 14 sin 98°
sin B = 0
— i1 (14 sin 98°
B = sin ( 20 )
B = 44°

msA+ msB+ m/C = 180
msA + 44 + 98 = 180
m/A + 142 = 180

Law of Sines
m/C=98,b=14,and c = 20
Cross products

Divide each side by 20.

Solve for B.

Use a calculator.

Angle Sum Theorem
m/B =44and m/C = 98
Add.

m/A = 38  Subtract 142 from each side.
P Law of Sines
a c
sin38° _ sin98° m/A =38 m/C =98 and c = 20

a 20

20 sin 38° = a sin 98° Cross products

M =a Divide each side by sin 98°.

sin 98

124 =a Use a calculator.

Therefore, A = 38°, B =~ 44°, and a = 12.4.

USE THE LAW OF SINES TO SOLVE PROBLEMS The Law of Sines is

very useful in solving direct and indirect measurement applications.

Indirect Measurement

When the angle of elevation to the sun is 62°, a telephone pole tilted at an angle of
7° from the vertical casts a shadow of 30 feet long on the ground. Find the length
of the telephone pole to the nearest tenth of a foot.

Draw a diagram.

Draw SD L GD. Then find the m/GDP and m/ GPD.
m/GDP =90 — 7 or 83

m/GPD + 62 + 83 = 180 or m/GPD = 35

Since you know the measures of two angles of the
triangle, m£GDP and m£GPD, and the length of
a side opposite one of the angles (GD is opposite
£ GPD) you can use the Law of Sines to find

the length of the pole.

30-foot shadow

(continued on the next page)
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USE THE LAW OF SINES TO
SOLVE PROBLEMS

In-Class Examples | o |
&

BIn Example 3, what happens
to the length of the shadow
later in the day when the angle
of elevation decreases to 33°?
Assume that the length and
position of the telephone pole
are still the same. The length
of the shadow increases to about
76.2 feet.
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3 Practice/Apply

Study Notebook

Have students—

* add the definitions/examples of
the vocabulary terms to their
Vocabulary Builder worksheets for
Chapter 7.

¢ include one completely worked
example similar to Example 2 on
pp. F18-311.

* include any other item(s) that they
find helpful in mastering the skills
in this lesson.

DAILY
FIND THE ERROR
Explain that if
~ /Fin the figure had

been 90°, then Makayla and
Felipe would have found the
same value for d. Students should
recognize that they could use the
Law of Sines to solve right
triangles, but trigonometric
ratios are more efficient.

About the Exercises...

Organization by Objective

¢ The Law of Sines: 16-29

¢ Use the Law of Sines to
Solve Problems: 30-38

0dd/Even Assignments
Exercises 16-38 are structured
so that students practice the
same concepts whether they
are assigned odd or even
problems.

Assignment Guide

Basic: 17-39 odd, 40-58
Average: 17-39 odd, 40-58
Advanced: 16-40 even, 41-52
(optional: 53-58)

All: Quiz 2 (1-5)

PD _ GD

sin ZDGP _ sin.GPD \@w of Sines
'PD = — 30 m/DGP = 62, m/GPD = 35, and GD = 30
sin 62° sin 35°
PD sin 35° = 30 sin 62° Cross products
PD = M Divide each side by sin 35°.
sin 35
PD = 46.2 Use a calculator.

The telephone pole is about 46.2 feet long.

Concept Summary Law of Sines

The Law of Sines can be used to solve a triangle in the following cases.

Case 1 You know the measures of two angles and any side of a triangle.
(AAS or ASA)

Case 2 You know the measures of two sides and an angle opposite one of
these sides of the triangle. (SSA)

Check for Understanding

Concepf Check 1. FIND THE ERROR Makayla and Felipe are trying to find d in ADEF.

1. _Felit;;le; (:VI?_qu_la isf Makayla Felipe L

using the definition o 4 cgo o >

the sine ratio for 50 59° = 1 o AN
right triangle, but this D SN

f

is not a right triangle. Who is correct? Explain your reasoning.

2. OPEN ENDED Draw an acute triangle and label the measures of two angles
and the length of one side. Explain how to solve the triang]le.

3. Compare the two cases for the Law of Sines. 2—3. See margin.
Guided Practice
GUIDED PRACTICE KEY

Find each measure using the given measures of AXYZ. Round angle measures
to the nearest degree and side measures to the nearest tenth.

. 4. Findyifx = 3, m£X = 37,and m£Y = 68. 4.6
Exercises Examples K .
a7 ] 5. Find xify = 12.1, m£X = 57, and m«2Z = 72. 13.1
813 9 6. Find msYify =7,z =11,and msZ = 37. 23
14 3 7. Find m/Zify =17,z = 14,and m£Y = 92. 55
8. l"ﬁ_)P 3= 53’ 80.3 Solve each APQR described below. Round angle measures to the nearest degree
§=15.9, =300 and side measures to the nearest tenth.
?7;4’"04175“619; p75 8 MLR=66,mLQ=59,p=72 9. p=32,r =11, msP = 105
10. m2 Q -z gg ’ 10. m/P =33, m/R = 58,49 =22 11. p =28, =22, mLP =120
p~12.0 r~18.7 12. m/P =50,m/Q = 65,p =12 13. g =172,r =98, m/Q = 110.7
o ) mZR=165,g=14.2, r=14.2 msP= 37, p=~11.1; m£R =~ 32
11.m20~ 43, 14. Find the perimeter of parallelogram A B

mLR=~17,r=9.5 ABCD to the nearest tenth. 34.6 units

30° 88

D C
380 Chapter 7 Right Triangles and Trigonometry
Answer
2. Sample answer: Let m£D = 65, m£E =73, and d = 15. Then F,
s"'1g5 is the fixed ratio or scale factor for the Law of Sines extended

sm 65° s|n 73

proportion. The length of e is found by using . The e d

(m4D + mLE) In thls problem
sm 65° _ Sin42° D - E
e

m<4Fis found by evaluating 180 —
m4F = 42. The length of f is found by using —=—

380 Chapter 7 Right Triangles and Trigonometry



Applicaﬁon 15. SURVEYING To find the distance between
two points A and B that are on opposite sides
of a river, a surveyor measures the distance to
point C on the same side of the river as point A.
The distance from A to C is 240 feet. He then
measures the angle from A to B as 62° and

Study Guide and Intervention,

p- 381 (shown) and p. 382

The Law of Sines In any triangle, there is a special relationship between the angles of
the triangle and the lengths of the sides opposite the angles.

. In AABC, find b. In ADEF, find m.D.
measures the angle from C to B as 55°. Find the P " : " e
distance from A to B. ahout 237.8 ft D;
-
. 5D _sins .
5 e 0B 78 sinD _ sin 58° =28 mE= 58
28 24 e=24
b sin 45° = 30 sin 74° cross mutph. 245in D = 285in 58" Gross muliphy.

30 sin 74° N men
b= Zinape - Ovido cach s by sin 45 sin D = 285in 58" s;‘; 58 Divide each side by 24.
. b =408 Use a calculator. . o
_ 128 sin 58°
ractice an pply D = sin 25 e e
D = 81.6° Use a calculator.

w Find each measure using the given measures of AKLM. Round angle measures

to the nearest degree and side measures to the nearest tenth. Find each messure wsing the given messures of ABC. Round sngle messures o
Exercises | Examples 16. I m/L = 45, m/K = 63, and ¢ = 22, find k. 27.7 bl 020 i - i
16-21 1 17. Ifk = 3.2, msL =52, and m/K = 70, find €. 2.7 2.;f7b:zo,c:ze,andmwzsz,ﬁndmm
e 18. If m = 10.5, k = 182, and m/K = 73, find m/ M. 33 S ——

" 19. Ifk = 10, m = 48, and m/ZK = 96, find m2 M. zg 4.1fa = 25, m/A = 72, and m<B = 17, find b.
Extra Practice 2 ’
See page 768. 20. If m/L =88, m/K=231,and m =54, find €. 6.2 St~ 12 — 85, e B 80

21. If msM =59, € =83, and m = 14.8, find m~L. 29 122

6.1fa = 30,c = 20, and mZA = 60, find m~C.
35

Solve each AWXY described below. Round measures to the nearest tenth.
22. m£ W = 68, 22. mLY =71,y =74 msLX =41 23. x =103,y =23.7, mLY = 96

Skills Practice, p. 383 and

Practice, p. 384 (shown)

W= 73, =31 24. m/X =25 m/W =52, y= 15.6 25. msY =112, x = 20, y= 56 Find each measure using the given measures from AEFG. Round angle measures
23 m/ X ~ 25 6 _ _ _ _ _ _ to the nearest tenth degree and side measures to the nearest tenth.
- i 26. m/W = 38, msY = 115, w =85 27. mLW = 36, msY = 62, w =231 LIfm/G = 14,m/E = 67, and e = 14, find g. 3.7

ms W= 58.4,
w=20.3

8.1fg =14, = 5.8, and m/G = 83, find m/F. 24.3
24. m£Y =103, 30. An isosceles triangle has a base of 46 centimeters and a vertex angle of 44°.

28. w = 30,]/ =95, m/W =107 29. x =16, w =21, m/ W = 88 2.1fe = 127, m/E = 42, and m2F = 61, find f. 16.6

w~12.6, x~6.8 Find the perimeter. about 168.8 cm .
25. mLX ~ 19.3, 5.1ff=9.6,g = 27.4,and m2G = 43, find m/F. 13.8
mL W ~ 48-7, 31. Fmd the perimeter Of quadrilateral ABCD to the A 5 B Solve each ASTU described below. Round measures to the nearest tenth.
w=45.4 nearest tenth. 56.9 units 1 28 6.m/T =855 = 43,6 =82 mLS ~ 315, mLU~ 63.5,u~7.4
26. mzX = 27, 40° 7.5 = 40,u = 12,msS = 37 mLT~132.6, mLU ~ 10.4, t ~ 48.9
X= 63, y= 12.5 D C 8.miU = 37,6 = 23,msT = 17 MLS ~ 126, 8 ~ 6.4, u~ 4.7
27. m/X = 82, 9.msS = 62,m U = 59,5 = 17.8 mLT =59, t~17.3, u~17.3
x=5.2,y=4.1 32. GARDENING Elena is planning a triangular garden. She wants to build a fence 10,0 = B84, = 20T, T - 66 mLS ~ 697, mLU ~ 443, 5 ~ 20.2
28. m,Y ~ 11.6, around the garden to keep out the deer. The length of one side of the garden is omlS 800 1551~ 14 ML T 6.2, miU = 208, u~ 6.4
mszX=55.4, 26 feet. If the angles at the end of this side are 78° and 44°, find the length of e e tatmos
X~ 25.8 fence needed to enclose the garden. about 77.3 ft i ’ C R
13.t =118, msS =84, msT =47 mLU = 49, s = 16.0, u = 12.2
fngA Ti)fl; 44’9'6’ 33. AVIAT!ON TWO. radar s.tatif)ns. that are 20 miles a.p.art located a plane at the 14 INDIRECT MEASUREMENT o i he diance rom the e
y~14.2 same time. The first station indicated that the position of the plane made an e e e Ths e
angle of 43° with the line between the stations. The second station indicated Trom the wdgeof t Take 0B t i s on the ana w07 )
that it made an angle of 48° with the same line. How far is each station from apoutgtsm
the plane? about 14.9 mi, about 13.6 mi Reading to Learn
Mathematics, p. 385
34. SURVEYING Maria Lopez is a surveyor who must determine the distance Pre-Activity How are triangles used in radio astronomy?
across a section of the Rio Grande Gorge in New Mexico. Standing on one side R he ot Lo s 15 e 0 f s 37 s Lk
of the ridge, she measures the angle formed by the edge of the ridge and the line tinising ik dita? Sample angwer: Observing an object
of sight to a tree on the other side of the ridge. She then walks along the ridge informaten'o Clcuate thngs such s th distance fom the
315 feet, passing the tree and measures the angle formed by the edge of the Reading the Lesson
ridge and the new line of sight to the same tree. If the first angle is 80° and the 1. Rofer o the figure. According t0 the Lav of Sincs, which of the .
second angle is 85°, find the distance across the gorge. ahout 1194 ft e e S B E e nn sy A
sinM  sinN  sinP M N P M 7 N
Lesson 7-6 The Law of Sines 381 .ol ok L

E. (sin M)? + (sin N)* = (sin P)?

sinP _sinM _ sinN
R n

2. State whether each of the following statements is true or false. If the statement is false,

explain why.

a. The Law of Sines applies to all triangles. true

b. The Pythagorean Theorem applies to all triangles. False; sample answer: It
only applies to right triangles.

€. If you are given the length of one side of a triangle and the measures of any two
angles, you can use the Law of Sines to find the lengths of the other two sides. true

Answers (page 380)

Enrichment, p. 386
3. In one case you need the measures of Identities . 1y s the messures of s angle of . tianglr v sl s th v of Sines

to find the measure of the third angle. False; sample answer: You should use

two sides and the measure of an angle e o i b S . S o o vty ¥ the Angle Sum Theorem.
.

3

an identity is to use a right triangle and the definitions for A friend tells you that in triangle RST, mZR = 132, r = 24 centimeters, and s = 31
a centimeters. Can you use the Law of Sines to solve the triangle? Explain. No;
sample answer: In any triangle, the longest side is opposite the largest

opposite one of the sides. In the other rigonomric uncions :
d th ft Verify that (sin 4)* + (eos A1 = 1 5 o T argaet angie, but S 720 11 impoctiba 10 pave 3 wiangle with -
case you nee e measures 0 WO is an identity. the given measures.
= in A2 2 (a2, (b2
angles and the measure of a side. i+ o= (0 Helping You Remember

_attp? @y

g e 3. Many students remember mathematical equations and formulas better if they can state
To check whether an equation may be an identity, you can test them in words. State the Law of Sines in your own words without using variables or
several values. However, since you cannot test all values, you ‘mathematical symbols.
cannot be certain that the equation is an identity. Sample answer: In any triangle, the ratio of the sine of an angle to the

length of the opposite side is the same for all three angles.

Test sin 2x = 2 sin x cos x to see if it could be an identity.
or

Lesson 7-6 The Law of Sines 381



Answers

40. Yes; in right A4Bc SA _ sin€

a1.

a c
where Cis the right angle,

sin A = &c"” Since m..C = 90,

asin 90°

then sin A = . Since the

sin 90° = 1, then sin 4 = % which
is the definition of the sine ratio.

Sample answer: Triangles are used
to determine distances in space.
Answers should include the
following.

e The VLA is one of the world’s
premier astronomical radio
observatories. It is used to make
pictures from the radio waves
emitted by astronomical objects.

¢ Triangles are used in the
construction of the antennas.

35. REAL ESTATE A house is built on a triangular
plot of land. Two sides of the plot are 160 feet long,
and they meet at an angle of 85°. If a fence is to be
placed along the perimeter of the property, how
much fencing material is needed? about 536 ft

MIRRORS For Exercises 36 and 37, use the following information.

Kayla, Jenna, and Paige live in a town nicknamed “Perpendicular City” because

the planners and builders took great care to have all the streets oriented north-south
or east-west. The three of them play a game where they signal each other using
mirrors. Kayla and Jenna signal each other from a distance of 1433 meters. Jenna
turns 27° to signal Paige. Kayla rotates 40° to signal Paige.

36. To the nearest tenth of a meter, how far apart are Kayla and Paige? ahout 706.8 m

More About. . .

37. To the nearest tenth of a meter, how far apart are Jenna and Paige? about 1000.7 m

¢ AVIATION For Exercises 38 and 39, use the
following information.

Keisha Jefferson is flying a small plane due west.

To avoid the jet stream, she must change her course.
She turns the plane 27° to the south and flies

60 miles. Then she makes a turn of 124° heads back

Avidtion e---.ccceveeeeeniiit
From January 2001 to May
2001, Polly Vacher flew over
29,000 miles to become the

eSOl e to her original course. 38. ahout 56.2 mi
smallest single-engined
aircraft around the world 38. How far must she fly after the second turn to return to the original course?

via Australia and the Pacific.
Source: www.worldwings.org

39. How many miles did she add to the flight by changing course? ahout 13.6 mi

40. CRITICAL THINKING Does the Law of Sines apply to the acute angles of a
right triangle? Explain your answer. See margin.

LYWl WRITING IN MATH

Answer the question that was posed at the beginning of
the lesson. See margin.

How are triangles used in radio astronomy?

Include the following in your answer:

e a description of what the VLA is and the purpose of the VLA, and
e the purpose of the triangles in the VLA.

Standardized  42. SHORT RESPONSE In AXYZ, if x = 12, m/ X = 48, and m2Y = 112, solve the
Test Practice triangle to the nearest tenth. m£Z = 20, y = 15.0, and z= 5.5
- > b

43. ALGEBRA The table below shows the customer ratings of five restaurants in
the Metro City Guide to Restaurants. The rating scale is from 1, the worst, to 10,
the best. Which of the five restaurants has the best average rating? A

Restaurant ‘ Food ‘ Decor ‘ Service ‘ Value

Del Blanco’s 7 9 4 7
Aquavent 8 9 4 6
Le Circus 10 8 3 5
Sushi Mambo 7 7 5 6
Metropolis Grill 9 8 7 7

@ Metropolis Grill
@© Aquavent

Le Circus
@ Del Blanco’s

382 Chapter 7 Right Triangles and Trigonometry
Rex USA Ltd.
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Maintain Your Skills

Mixed Review ARCHITECTURE For Exercises 44 and 45, use the \
following information.
Mr. Martinez is an architect who designs houses so that
the windows receive minimum sun in the summer and

11t

window

maximum sun in the winter. For Columbus, Ohio, the angle of '\ 6
angle of elevation of the sun at noon on the longest day elevation '\ high
is 73.5° and on the shortest day is 26.5°. Suppose a house of sun ~_ A

is designed with a south-facing window that is 6 feet tall.
The top of the window is to be installed 1 foot below the
overhang. (Lesson 7-5)

44. How long should the architect make the overhang so that the window gets no
direct sunlight at noon on the longest day? about 2.07 ft

45. Using the overhang from Exercise 44, how much of the window will get direct
sunlight at noon on the shortest day? about 5.97 ft

Use AJKL to find sin J, cos J, tan J, sin L, cos L, and tan L.
Express each ratio as a fraction and as a decimal to the
nearest hundredth. (Lesson 7-4) 46—49. See margin.

46. j=8,k=17,¢=15 47. j =20,k =129, ¢ =21
48. j=12,k=24,¢=12V3  49. j=7V2,k=14,(=7V2

If KH is parallel to JI, find the measure of K

each angle. (Lesson 4-2)

50. 21 66 o J
51. ~2 54 190° )

52. +3 90 H |

2 — L2
&etﬁng Ready for PREREQUISITE SKILL Evaluate < _‘;ab b for the given values of a, b, and c.
the Next Lesson (To review evaluating expressions, see page 736.) 93. % 54. 72 55. —%
53.a=7,b=8,c=10 54. a=4,b=9,c=6 55. a=5b=28,c=10

56. a =16,b=4,c =13 57.a=3,b=10,c =9 58. a=5b=7,c=11

103 7 4
128 15 70
Practice Quiz 2 Lessons 7-4 through 7-6
Find x to the nearest tenth. (Lesson 7-4)
1. o 58.0 2. - 3. 53.2
%7 9.3 0
4. COMMUNICATIONS To secure a 500-foot 5. Solve ADEF. D 12
radio tower against high winds, guy wires are (Lesson 7-6) E
attached to the tower 5 feet from the top. msD~ 4
The wires form a 15° angle with the tower. m4sE = 57 8
Find the distance from the centerline of the e~10.2 z
tower to the anchor point of the wires.
(Lesson 7-5) 132.6 ft

xI

www.geometryonline.com/self_check_quiz Lesson 7-6 The Law of Sines 383

Answers

.1_5~
46. —~047, 17~088,ﬁ~053, 17 ~088, 17 ~ 0.47, o ~ 1.88
47. —~069,ﬁ~072,ﬁ~095,ﬁ~072,§~0Bg,ﬁ—1 05

48——050 \/_~087 \f~058 \f~us7——050 V3=~1.73

49.%z 0.71;%z 0.71; 1.un;%~ 0.71; %z 0.71:1.00

Open-Ended Assessment

Writing Ask students to draw
three triangular figures on a
single sheet of paper and label
and assign values to them in
correspondence with the three
types of triangles that can be
solved using the Law of Sines
(AAS, ASA and SSA). For
example, one triangle would
have two angle measures, one
adjacent side measure and one
adjacent side variable. Students
can use the examples in the book
if necessary. Then tell them to set
up the appropriate proportions
to find the unknown values.

Getting Ready for
Lesson 7-7

Prerequisite Skill Students will
learn about the Law of Cosines
in Lesson 7-7. They will solve
problems using multivariable
equations. Use Exercises 53-58 to
determine your students’
familiarity with evaluating
multivariable expressions.

Assessment Options

Practice Quiz 2 This quiz
provides students with a brief
review of the concepts and skills
in Lessons 7-4 through 7-6. Lesson
numbers are given to the right of
the exercises or instruction lines
so students can review concepts
not yet mastered.

Quiz (Lessons 7-5 and 7-6) is
available on p. 408 of the Chapter 7
Resource Masters.
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Geometry Software

Software Investigation
Investigation =

Sl it Tl ek The Ambiguous Case of the Law of Sines

Gretting Started
In Lesson 7-6, you learned that you could solve a triangle using the Law of Sines

The Ambiguous Case of the if you know the measures of two angles and any side of the triangle (AAS or ASA).
. . . You can also solve a triangle by the Law of Sines if you know the measures of two
Law of Sines As a variation, sides and an angle opposite one of the sides (SSA). When you use SSA to solve a

Geometry

A Follow-Up of Lesson 7-6

students can label the points Dy triangle, and the given angle is acute, sometimes it is possible to find two different
and D, where the circle inte@ts triangles. You can use The Geometer’s Sketchpad to explore this case, called the
AD and construct two radii BD, ambiguous case, of the Law of Sines.
and BD,. Then they can find and
display all of the measures on Model
the screen at one time. m Construct AB and AC. Construct a S Using the rotate tool, move D to the
circle whose center is B so that it other intersection point of circle B
intersects AC at two points. Then, and AC.
construct any radius BD.
MCh Y - m Note the measures of ZABD,
EZ¥] Find the measures of BD, AB, and ~A. £BDA, and AD in AABD.
* When Stuqents GHHE HEIRETII m Use the rotate tool to move D so that
results, point out that the two it lies on one of the intersection points
possible measures for angle D of circle B and AC. In AABD, find the
are supplementary, and discuss measures of ZABD, ZBDA, and AD.
why t'h1s is the case. . O Ambiguous Case B ol Ambiguous Case B
¢ Explaln .tO Student—>s that 'lf BD =3.50 cm mOABD =97.44° AD=7.15cm | = BD=350cm  mOABD=24.81" AD=3.00cm | =
circle B intersects AC at just AB=579cm  mOADB = 53.48° : AB=579cm  mOIADB =125.82° "
mOBAC = 29.26° = mOBAC = 29.26° —

one point, then AC is tangent
to circle B, and AABD is a right
triangle with right angle D.

If students become concerned
about the possibility of finding .
two solutions for a SSA
problem, assure them that the
problems will either be designed
to yield one answer or set up

in a way so students will know Analyze
which solution is appropriate. 1. Which measures are the same in both triangles? BD, AB, m/A

Sometimes it might be 2. Repeat the activity using different measures for Z A, BD, and AB. How do the results
appropriate for students to compare to the earlier results? Sample answer: There are two different triangles.

find both solutions. MakKe a Conjecture 3-5. See margin.
3. Compare your results with those of your classmates. How do the results compare?

4. What would have to be true about circle B in order for there to be one unique solution?
A55655 Test your conjecture by repeating the activity.
5. Is it possible, given the measures of BD, AB, and £ A, to have no solution? Test your
Exercises 1-5 After working conjecture and explain.
through the exercises, students
will have demonstrated

numerous examples of the '

[ A=)

384 Chapter 7 Right Triangles and Trigonometry

ambiguous case of the Law of Answers

Sines and discussed the

possibilities of finding one 3. Sample answer: The results are the same. In each
solution or no solution. case, two triangles are possible.

4. Sample answer: Circle Bintersects AC at only one
point. See students’ work.

5. Yes; sample answer: There is no solution if circle B
does not intersect AC.

384 Chapter 7 Right Triangles and Trigonometry



| 7-7) The Law of Cosines

What  Yowll Learn

Use the Law of Cosines to solve triangles.

Solve problems by using the Law of Cosines.

are triangles used in

HOW building design?

Vocabulary

Law of Cosines
The Chicago Metropolitan Correctional Center is

a 27-story triangular federal detention center. The
cells are arranged around a lounge-like common
area. The architect found that a triangular floor
plan allowed for the maximum number of cells to
be most efficiently centered around the lounge.

THE LAW OF COSINES Suppose you know the lengths of the sides of the
triangular building and want to solve the triangle. The Law of Cosines allows
us to solve a triangle when the Law of Sines cannot be used.

SHudy T O TYE——_iall

Side and Angle Let AABC be any triangle with a, b,

Note that the letter of and c representing the measures of

the side length on the sides opposite angles A, B, and C, b .
left-hand side of each respectively. Then the following

equation corresponds to equations are true.

the angle measure used A T B
with the cosine. a% = b% + ¢2 — 2bc cos A

b2 = a2 + ¢2 — 2ac cos B

2 =a2+ b2 - 2ab cos C

The Law of Cosines can be used to find missing measures in a triangle if you
know the measures of two sides and their included angle.

ZEWIR® Two Sides and the Included Angle
Find aif c =8,b =10, and m/ZA = 60.
Use the Law of Cosines since the measures of two sides and

the included are known. 10 8
a?2 = b2+ c2 — 2bc cos A Law of Cosines
=10% + 8% — 2(10)(8) cos 60° b =10,c=8,and m/A = 60 c B
=164 — 160 cos 60° Simplify.
="V 164 — 160 cos 60° Take the square root of each side.
a=92 Use a calculator.

Lesson 7-7 The Law of Cosines 385
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_ Lesson
Notes

5-Minute Check
Transparency 7-7 Use as a
quiz or review of Lesson 7-6.

Mathematical Background notes
are available for this lesson on
p. 340D.

are triangles used in
building design?
Ask students:

* What advantages might the
triangular design offer the
correction center employees?
The residents would be more
confined and easier to monitor.

* How might the triangular
design of the correction facility
be more cost efficient?

A triangular building may utilize
less space than a rectangular one,
so fewer materials would be
needed, and the building could
have more compact electrical and
plumbing systems.

J Resource Manager L

Ve

\aw Workbook and Reproducible Masters

Chapter 7 Resource Masters Prerequisite Skills Workbook, pp. 21-22,
+ Study Guide and Intervention, pp. 387388 25-26
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You can also use the Law of Cosines to find the measures of angles of a triangle
2 ’ m c h when you know the measures of the three sides.

€ N Th Sid Q
THE LAW OF COSINES re¢ oldes 8

Find m/R. A s
\ 12 =¢q>+s?—2gscos R Law of Cosines 5
r> 232 =372 4+ 182 — 2(37)(18) cos R r=23,q=37,s=18
BFind xify =11,z = 25,and 529 = 1693 — 1332 cos R Simplify.
mLX = 45. ~1164 = —1332 cos R Subtract 1693 from each side.
X 25 Y ~18.9 1164 — o5 R Divide each side by —1332.
150 1332
11 R = cos™! (%) Solve for R.
4 R = 29.1° Use a calculator.

Teaching Tip In Example 2,
show students how the Law of

Cosines can be rewritten to USE THE LAW OF COSINES TO SOLVE PROBLEMS Most problems can
provide aI‘I2 altezrnate form: be solved using more than one method. Choosing the most efficient way to solve a
cos R = g st problem is sometimes not obvious.

2gs ’

When solving right triangles, you can use sine, cosine, or tangent ratios. When
BFind m/ L. solving other triangles, you can use the Law of Sines or the Law of Cosines. You
M must decide how to solve each problem depending on the given information.
5

24
h T A ZZLUMEY Select a Strategy
~48.8 Solve AKLM. Round angle measure to the L

nearest degree and side measure to the

Study Tip nearest tenth. b &

Law of Cosines We do not know whether AKLM is a right triangle,
i M
USE THE LAW OF COSINES If you use the Law of so we must use the Law of Cosines or .the Law of K 18
TO SOLVE PROBLEMS Cosines to find another Sines. We know the measures of two sides and the
Measure, your answer included angle. This is SAS, so use the Law of
may differ slightly from Cosines
In- Class Exam p e Power one found using the Law ’
P°i"t®.} of Si':j‘?s- This is due to k2 = €2 + m? — 2¢m cos K Law of Cosines
rounding.
Tgaching Tip In Example 3, k? = 182 + 142 — 2(18)(14) cos 51° ¢=18,m = 14,and m/K = 51
students can store the actual k=V18 + 142 - 2(18)(14) cos 51°  Take the square root of each side.
value of k in their calculators. Kk~ 142 Use a calculator.
Then if they use the stored
value to find L, they will get Next, we can find m2L or m/M. If we decide to find m/L, we can use either
79.19°. Advise students that the Law of Sines or the Law of Cosines to find this value. In this case, we will
answers will vary when using use the Law of Sines.
rounded valuels instead of sinl _ sinK Lo of Sines
more exact values. ¢k
sin L __ sin 51° _ _ _
BDetermine whether the Law of Help students learn that 18 142 =18 k=142 and m/K = 51
Sines or the Law of Cosines when using a calculator, 14.2 sin L = 18 sin 51° Cross products
should be used first to solve they can skip some in L ~ 18sin51° Divide each side b
ADEF Th 1 ADEF steps. For example, sin L = 142 ivide each side by 14.2.
. n . i ° : °
Round angle Sr;)levaesures to the L = sin-1 %) L = sin™? (%) Take the inverse sine of each side.
nearest degree and side ~ 801, L =~ 80° Use a calculator.
measures to the nearest tenth' 386 Chapter 7 Right Triangles and Trigonometry
D
17
F % c INTER Differentiated Instruction
. & ‘ s . . g . .
Cosines, f~ 46.9; m/.D ~ 23: - B Verbal/Linguistic Have students rewrite the equations for the Law of
msE~ 12 Cosines in their own words without using variables. Then they can

describe scenarios for which the Law of Cosines is the more useful.
Finally, they can close their books, draw and label a triangular figure, and
try to reproduce the equations for the Law of Cosines by using only
their written explanations and descriptions.

4

386 Chapter 7 Right Triangles and Trigonometry



Check for Understanding

Use the Angle Sum Theorem to find m/M.
msK+ mZL + m/ZM = 180 Angle Sum Theorem
51 +80 + m£M = 180 msK =51 and msL ~ 80
m/LM = 49
Therefore, k = 14.2, m/K =~ 80, and m/ZM = 49.

Subtract 131 from each side.

Use Law of Cosines to Solve Problems

REAL ESTATE Ms. Jenkins is buying some
property that is shaped like quadrilateral
ABCD. Find the perimeter of the property.

Use the Pythagorean Theorem to find BD
in AABD.

(AB)? + (AD)? = (BD)?
1802 + 2402 = (BD)?
90,000 = (BD)?

200 ft

Pythagorean Theorem 180 ft

AB = 180, AD = 240

Simplify. A

Take the square root of each side.

240 ft

300 = BD

Next, use the Law of Cosines to find CD in ABCD.
(CD)? = (BC)* + (BD)? — 2(BC)(BD) cos £CBD
(CD)? = 200% + 3002 — 2(200)(300) cos 60°
(CD)? = 130,000 — 120,000 cos 60°

CD = V130,000 — 120,000 cos 60°

CD = 264.6

Law of Cosines
BC = 200, BD = 300, m~CBD = 60
Simplify.

Take the square root of each side.

Use a calculator.

The perimeter of the property is 180 + 200 + 264.6 + 240 or about 884.6 feet.

Concept Check 1. OPEN ENDED Draw and label one acute and one obtuse triangle, illustrating

3. If two angles and
one side are given,
then the Law of
Cosines cannot bhe

used.

Guided Practice
GUIDED PRACTICE KEY

Exercises

Examples

4-5
6-7,10
8-9

1
2
3

8. msLX = 20;

meY = 43;
msZ= 117

=
T

‘' www.geometryonline.com/extra_examples

when you can use the Law of Cosines to find the missing measures.

2. Explain when you should use the Law of Sines or the Law of Cosines to solve
a triangle. 1-2. See margin.

3. Find a counterexample for the following statement.
The Law of Cosines can be used to find the length of a missing side in any
triangle.

In ABCD, given the following measures, find the measure of the missing side.
4. ¢ = \/E,d =5m/B =45 4.1 5. b=107,¢c =94, m/D = 105 159.7

In ARST, given the lengths of the sides, find the measure of the stated angle
to the nearest degree.

6. r=233,s=651=56;msS 90 7. r=22,5s=13,t=16; msR 98
Solve each triangle using the given information. Round angle measure to the
nearest degree and side measure to the nearest tenth.

8. AXYZ:x=5,y=10,z=13 9. AKLM: k=20, m =24, m/L = 47
€~=171.9, msLK= 55 ms M= 18

Lesson 7-7 The Law of Cosines 387

Answers

1. Sample answer: Use the Law of
Cosines when you have all three
sides given (SSS) or two sides and
the included angle (SAS).

Q

6

R Y
8 10

s x&£L3& z

Law of Sines.

12 15

2. If you have all three sides (SSS) or two sides
and the included angle (SAS) given, then use
the Law of Cosines. If two angles and one side
(ASA or AAS) or two sides with angle opposite
one of the sides (SSA) are given, then use the

In-Class Example | g |\/
&
9 AIRCRAFT From the diagram
of the plane shown, determine
the approximate exterior
perimeter of each wing.
Round to the nearest tenth

meter.
9m /
H 20m
25 y
K
67.1m

@Concept Check

Have students compose a chart
in which they include all of the
types of triangles they could
solve using the Pythagorean
Theorem, trigonometric ratios,
Law of Sines, and Law of
Cosines. They can also include a
column listing the formulas
and/or ratios and a column for
the limitations of each method.
Students should recognize that
the Pythagorean Theorem is the
most limited but the most
efficient, and the Law of Cosines
is the most diverse but very
involved and time-consuming.
They may want to form a habit
of checking for the most efficient
way to solve a problem, keeping
all these methods in mind.
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3 Practice/Apply

Study Notebook

Have students—

* add the definitions/examples of
the vocabulary terms to their
Vocabulary Builder worksheets for
Chapter 7.

* include an example each for using
the Law of Cosines with SAS and
with 535.

* include any other item(s) that they
find helpful in mastering the skills
in this lesson.

About the Exercises...

Organization by Objective

¢ Solve Triangles: 11-18, 38

e Use the Law of Cosines to
Solve Problems: 22-37,
39-41

0dd/Even Assignments
Exercises 11-41 are structured
so that students practice the
same concepts whether they
are assigned odd or even
problems.

Assignment Guide
Basic: 11-37 odd, 41, 43-59
Average: 11-43 odd, 44-59

Advanced: 1244 even, 46-56
(optional: 57-59)

Answers
19. m/H=31;m2G~109; g~ 14.7
20. p=~6.9,m/M=~19; m/Q~ 63

21. m+£ B =~ 86; m/.C =~ 56;
msD =~ 38

22.m/B=61;b~5.4;a~ 4.1
23.¢~6.3; m,A~ 80; mLB~ 63

24. m£ A= 30; m£B = 39;
ms.C =111

Applicaﬁon 10. CRAFTS Jamie, age 25, is creating a logo for herself and
two cousins, ages 10 and 5. She is using a quarter (25 cents), a
dime (10 cents), and a nickel (5 cents) to represent their ages.
She will hold the coins together by soldering a triangular piece
of silver wire so that the three vertices of the triangle lie at the
centers of the three circular coins. The diameter of the quarter
is 24 millimeters, the diameter of the nickel is 22 millimeters,
and the diameter of a dime is 10 millimeters. Find the
measures of the three angles in the triangle. m20 = 44.1; m4D = 88.3;

msN = 47.6

O indicates increased difficulty

Practice and Apply

m In ATUYV, given the following measures, find the measure of the missing side.
1. t=91,0v=83,m/U=32 U~49 12. t=11,u=17,m/V =78 v=18.2

Fi i S
Exercises | Examples B.u=1,0=17,msT=105 =225 14. v=11,u =17, msT =59 t~14.7
n-u i 1
15-18,38 : 2
237, i 3 In AEFG, given the lengths of the sides, find the measure of the stated angle
39-41 to the nearest degree.
15. e=9.1,f=83,g=167,m/F 16 16. e = 14,f=19,¢ = 32; m~/E 12
See page 768. 17. e = 325,f = 198, ¢ = 208; m/F 36 18. e = 21.9,f = 189, ¢ = 10; m2G 27
Solve each triangle using the given information. Round angle measures to the
nearest degree and side measures to the nearest tenth. 19-25. See margin.
19. G 20. Q 21. C
8 10
AA 11 p
F g H 1 8
P 10 M
B 15 D
22. AABC: mszA =42, msC=77,c=6 23. AABC: a=10.3,b=9.5msC =37
24. AABC: a=15b=19,c=128 25. AABC: ms£A =53, msC =28,¢ =149
26. KITES Beth is building a kite like the one at
the right. If AB is 5 feet long, BC is 8 feet long, 4 B
and BD is 7% feet long, find the measure of the
angle between the short sides and the angle
between the long sides to the nearest degree. 100; 57
C
P §
Solve each ALMN described below. Round measures to the nearest tenth.
27-38. See margin. 27. m=44,0 =54, m/L =23 28. m=18,¢ =24,n =30
29. m=19,n =28, m/L = 49 30. ms/ M =46, m/L =55,n =16
31. m =256, £ = 423, n = 288 32. mLM=55{€=63n=67
33. mLM =27,£=5n=10 34. n=17,m=20,¢ =14
35. £ =14,n =21, mL M = 60 36. ¢ =14, m=15n =16
37. m/L =51,€ =40,n =35 38. (=10,m=11,n =12

388 Chapter 7 Right Triangles and Trigonometry

25.m/B=199; b=~ 31.3;a~25.3 32. m=~6.0; ms L~ 59.3; meLN=~ 65.7
27. m£ M=~ 18.6; m£N ~ 138.4; n~ 91.8 33. m=~6.0; m£L~22.2; msN~130.8
28. m£L~53.2, m M=~ 36.9,m/N~89.9 34. msL~43.5; mL M=~ 179.5; msLN=~57.0

29. € ~21.1; mL M~ 42.8; ms N~ 88.2 35. m~18.5; m£ L~ 40.9; msN =~ 79.1

30.MmN=179; € ~13.4;, m~11.7 36. mz L= 53.6; m£ M=~ 59.6; mz N~ 66.8

31. msL~101.9; msL M~ 36.3; 37. msN~42.8; ms .M~ 86.2; m~ 51.4
m.N=~41.8 38. msL~51.3; mLM=~59.1; msN~ 69.6

388 Chapter 7 Right Triangles and Trigonometry



[J 39. In quadrilateral ABCD, AC = 188, BD = 214, A B

m/ BPC = 70, and P is the midpoint of AC and v
BD. Find the perimeter of quadrilateral ABCD.
561.2 units A

[J 40. In quadrilateral PQRS, PQ = 721, QR = 547, P Q
RS =593, PS = 756, and m/ P = 58. Find QS,
m/ PQS, and m/R.
QS =~ 716.7; m~. PQS ~ 63.5; m/ R~ 71.8

41. BUILDINGS Refer to the information at the left. R
Find the measures of the angles of the triangular s
building to the nearest tenth. 59.8, 63.4, 56.8

More About .

42. SOCCER Carlos and Adam are playing soccer.
Carlos is standing 40 feet from one post of the
goal and 50 feet from the other post. Adam is
standing 30 feet from one post of the goal and
22 feet from the other post. If the goal is 24 feet
wide, which player has a greater angle to make
a shot on goal? Adam; 52.3°

Adam

A

Buildings -
The Swissotel in Chicago,
Illinois, is built in the shape 43. Justify each statement for the

of a triangular prism. The P .
s 6 et i derivation of the Law of Cosines.

triangle are 180 feet, Given: AD is an altitude of AABC. c b
186 feet, and 174 feet.
. Prove: ¢2=a?+ b? — 2ab cos C
Source: Swissotel c
Proof: B a—x ‘ X
i

Statement Reasons

a. 2= (a — x)% + h? a. _? Pythagorean Theorem
b. 2 = a? — 2ax + x2 + W2 b. ?  Substitution

c X2+ h2=0p2 c. _? Pythagorean Theorem

d. 2 =42 — 2ax + b? d. ?  Substitution

e. cos C= % e. _? Def. of cosine
f. bcosC=x f. ? Cross products
g. c2 =a? — 2a(b cos C) + b? . 2 Substitution

h ?

= Qe

.c2=a%+ b%*— 2ab cos C Commutative Property

44

CRITICAL THINKING  Graph A(-6, -8), B(10, —4), C(6, 8), and D(5, 11) on a
coordinate plane. Find the measure of interior angle ABC and the measure
of exterior angle DCA. m/ABC =~ 85.6; m£DCA ~ 124.7

45

Answer the question that was posed at the beginning of
the lesson. See margin.

How are triangles used in building construction?

Include the following in your answer:

e why the building was triangular instead of rectangular, and

¢ why the Law of Sines could not be used to solve the triangle.

__'-.._, www.geometryonline.com/self_check_quiz Lesson 7-7 The Law of Cosines 389
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Answers

45. Sa_mple answer: Triangles are use_d to Spherical Triangles
build supports, walls, and foundations. Sppor eigemomety o an et ol igmamet E,
Answers should include the following. e e et e e e Q
.

triangle. Angles have the same measure as the tangent lines

Enrichment, p. 392

drawn to each great circle at the vertex. Since the sides are T

e The triangular building was more v, ey 100 ca be messired i degres
efficient with the cells around the edge. | |:izimeii i,

e The Law of Sines requires two angles

and a side or two sides and an angle

sina _sinb _sinc
SnA " snB snC

There is also a Law of Cosines for spherical triangles.
cos a= cos beos ¢ + sin bsin ccos A

c0s b= cos acos ¢ + sin asin ccos B
= cosacosb + sinasinbeos C

opposite one of those sides.

Study Guide and Intervention,

p- 387 (shown) and p. 388

The Law of Cosines Another relationship between the sides and angles of any triangle
is called the Law of Cosines. You can use the Law of Cosines if you know three sides of a
triangle or if you know two sides and the included angle of a triangle.

Let AABC be any triangle with a, b, and c representing the measures of the sides opposite
the angles with measures A, 8, and C, respectively. Then the following equations are true.

a? = b2+ 2 —2bcoos A 2= al+ P -2accos B oF = a®+ b7 — 2aboos C

Law of Cosines

ETIA® 1 AABC, find c. I3
¢ = a? + b? — 2ab cos C Lawof Gasies

2 =122 + 10% - 2(12)(10)cos 48°  a-12,b-10,m.C~ 48
R TR e T
¢ = V122 + 107 — 2(12)(10)cos 48°  Take the square rootof cach side. " ©

~9.1 Use a caculator:
In AABC, find mZA. 1 c
@ =5+ c2bocos A LawotCosines BW
72 =52+ 8~ 25)8) cos A a-7.b-5c-8 ﬁA
49-25+64 - 80cosA  uutpy
40 = 80 cos A Subtact 8 fom each side
- cosA Divide each sde by ~g0.
cosT13 =4 Use the invarss cosine.
a0 -4 Use a calulator

Find each measure using the given measures from AABC. Round angle measures
to the nearest degree and side measures to the nearest tenth.

LIfb = 14,¢ = 12, and mZA = 62, find a. 13.5

2.1fa = 11,b = 10, and ¢ = 12, find m2B. 51

3.1fa = 24,b = 18, and ¢ = 16, find m2C. 42

4.1fa = 20,c = 25, and m/B = 82, find b. 29.8

5.1fb = 18,¢ = 28, and m2A = 59, find a. 24.3

6.1fa = 15,6 = 19, and ¢ = 15, find m~C. 51

Skills Practice, p. 389 and

Practice, p. 390 (shown)

In AJKL, given the following measures, find the measure of the missing side.

=10,msL =171 € ~9.8

Lj=
2.)=
8.j=11,k="1msL =63 £~ 10.0

T,msK =43 k=~ 8.4

4.k =47,0=52,ms] =112 j~ 8.2
In AMN@, given the lengths of the sides, find the measure of the stated angle to
the nearest tenth.

5.m =17,n = 23,9 = 25;m.Q 75.7

6.m = 24,n = 28,q = 34;ms M 44.2

7.m =129,n = 18,¢ = 20.5;m/N 60.2

8.m =23,n =301,9 = 42 msQ 103.7
Determine whether the Law of Sines or the Law of Cosines should be used first to

solve AABC. Then sole each triangle. Round angle measures to the nearest degree
and side measure to the nearest tenth.

9.a=13,b=18c=19 10.a = 6,b =19, msC = 38
Cosines; m£LA = 41; Cosines; m£LA = 15;
m.B =65 m.LC~T74 msB=127; ¢~ 14.7

1la=17,b=22,msB = 49 12.a = 155,b = 18, m/C = 72
Sines; m£LA =~ 36; Cosines; m£A =~ 48;
m/sC~ 95; ¢ ~ 29.0 m/B~ 60; c~19.8

Solve each AFGH described below. Round measures to the nearest tenth.
18.m/F = 54,f = 12.5,¢ = 11 mLG ~ 45.4, m£H ~ 80.6, h~ 15.2
14.f=20,g = 23, m/H = 47 mLF =~ 57.4, mLG ~ 75.6, h~ 17.4
15.f=15.8,g = 11,h = 14 mLF ~77.4, m.G ~ 42.8, m.H ~ 59.8
16./ = 36,h = 30, m/G = 54 mLF ~73.1, mLH~ 52.9, g ~ 30.4

17. REAL ESTATE The Esposito family purchased a triangular plot of land on which they
plan to build a barn and corral. The lengths of the sides of the plot are 320 feet, 286 feet,
and 305 feet. What are the measures of the angles formed on each side of the property?

65.5, 54.4, 60.1

Reading to Learn

Mathematics, p. 391

Pre-Activity How are triangles used in building design?

Read the introduction to Lesson 7-7 at the top of page 385 in your textbook.

‘What could be a disadvantage of a triangular room? Sample answer:
Furniture will not fit in the corners.

Reading the Lesson

1. Refer to the figure. According to the Law of Cosines, which D
statements are correct for ADEF? B, E, H '
A d?=e?+f2 - efcos D B.e?=d?+f2 - 2dfcos E ’BE
C.d? = ¢+ f? + %f cos D D.f2=d+e* -~ %feosF F °
E.f?=d?+ ¢ - 2de cos T Fod?=¢+f?
G'six;nisi:EisinF H.d - Ve 5 2~ 2ofcos D

2. Each of the following describes three given parts of a triangle. In each case, indicate
whether you would use the Law of Sines or the Law of Cosines first in solving a triangle
with those given parts. (In some cases, only one of the two laws would be used in solving
the triangle.)

a. SSS Law of Cosines b. ASA Law of Sines
c. AAS Law of Sines d. SAS Law of Cosines
e. SSA Law of Sines

£

Indicate whether cach statement is frue or false. If the statement s false, explain why.
a. The Law of Cosines applies to right triangles. true

b. The Pythagorean Theorem applies to acute triangles. False; sample answer:
It only applies to right triangles.

c. The Law of Cosines is used to find the third side of a triangle when you are given the
measures of two sides and the nonincluded angle. False; sample answer: It is
used when you are given the measures of two sides and the included
angle.

d. The Law of Cosines can be used to solve a triangle in which the measures of the three
sides are 5 8 and 15 False; sample
answer: 5 + 8 < 15, so, by the Triangle InequaInyTheorem no such
triangle exists.

Helping You Remember

4. A good way to remember a new mathematical formula is to relate it to one you already
know. The Law of Cosines looks somewhat like the Pythagorean Theorem. Both formulas
‘must be true for a right triangle. How can that be? cos 90 = 0, so in a right
triangle, where the included angle is the right angle, the Law of Cosines
becomes the Pythagorean Theorem.

Lesson 7-7 The Law of Cosines 389
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Open-Ended Assessment

Writing Select some exercises to
reproduce on the board for the
class. Have students write the
equations necessary to solve for
different angles and sides and fill
in the values without solving the
problems. Volunteers can write
their equations on the board.

Assessment Options

Quiz (Lessons 7-7) is available
on p. 408 of the Chapter 7
Resource Masters.

Answers

55. Given: AJFM ~ AEFB
ALFM ~ AGFB

Prove: AJFL ~ AEFG
H G

Proof: Since AJFM ~ AEFB and
ALFM ~ AGFB, then hy
definition of similar triangles,
JE_ MF o MF _ LF

FF = BF and BF — GF By the
Transitive Property of Equality,
JF _ LF -

F= GF £ F= £/ Fhby the
Reflexive Property of Congruence.
Then, by SAS Similarity,

AJFL ~ AEFG.
56. Given: @ ||E__B
LM || GB
Prove: JL || EG
H G
|
L
Jl
E&
i
A B

\Sfandqrdi;ed 46. For ADEF, find d to the nearest tenth if e = 12, f = 15, and m/D = 75. B
Test Practice @ 189 16.6 © 154 @ 938

- w© @
47. ALGEBRA Ms. LaHue earns a monthly base salary of $1280 plus a commission

of 12.5% of her total monthly sales. At the end of one month, Ms. LaHue earned
$4455. What were her total sales for the month? C

@ $3175 $10,240 © $25,400 @ $35,640

Maintain Your Skills

Mixed Review Find each measure using the given measures from AXYZ. Round angle measure
to the nearest degree and side measure to the nearest tenth. (Lesson 7-6)

48. Ify = 4.7, m/X =22, and m2Y = 49, find x. 2.3
49. Ify =10, x = 14,and m£ X = 50, find m2Y. 33

50. SURVEYING A surveyor is 100 meters from a building and finds that the
angle of elevation to the top of the building is 23°. If the surveyor’s eye level
is 1.55 meters above the ground, find the height of the building. (Lesson 7-5)
about 44.0 m

For Exercises 51-54, determine whether ABlcD. (Lesson 6-4) A B
51. AC=84,BD =63, DE =4.5,and CE = 6 yes

52. AC =7,BD = 10.5, BE = 22.5, and AE = 15 yes

53. AB=8,AE=9,CD =4,and CE=4 no

54. AB =54, BE =18,CD = 3,and DE = 10 yes

c D

Use the figure at the right to write a paragraph proof. (Lesson 6-3)

55. Given: AJFM ~ AEFB
ALFM ~ AGFB

Prove: AJFL ~ AEFG See margin.
56. Given: M || EB
M| GB
Prove: JL | EG See margin.

COORDINATE GEOMETRY The vertices of AXYZ are X(8, 0), Y(-4, 8), and
Z(0, 12). Find the coordinates of the points of concurrency of AXYZ to the
nearest tenth. (Lesson 5-1)

57. orthocenter (—1.6, 9.6) 58. centroid (1.3, 6.7) 59. circumcenter (2.8, 5.2)

Internet Project

Who is Behind This Geometry Idea Anyway?

It’s time to complete your project. Use the information and

data you have gathered about your research topic, two

mathematicians, and a geometry problem to prepare a portfolio

or Web page. Be sure to include illustrations and/or tables in
- the presentation.

www.geometryonline.com/webquest
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Proof: Since JM || EB and LM || GB, then ~ MJF = ~ BEF and ~ FML = £ FBG because if two parallel lines are cut
by a transversal, corresponding angles are congruent. 2~ EFB = / EFB and £~ BFG = £ BFG by the Reflexive

Property of Congruence. Then AEFB ~ AJFM and AFBG ~ AFML by AA Similarity. Then
JF _ LF

by the definition of similar triangles. F=

JF
EF ~ BF’ BF ~ GF
GF by the Transitive Property of Equality, and £ EFG = £ EFG by the

Reflexive Property of Congruence. Thus, AJFL ~ AEFG by SAS Similarity and £ FJL = £ FEG by the definition
of similar triangles. JL || EG because if two lines are cut by a tranversal so that the corresponding angles are

congruent, then the lines are parallel.

390 Chapter 7 Right Triangles and Trigonometry
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Geometry Activity

A Follow-Up of Lesson 7-7

Geometry
Activity

Trigonometric ldentities

In algebra, the equation 2(x + 2) = 2x + 4 is called an identity because the equation
is true for all values of x. There are equations involving trigonometric ratios that are
true for all values of the angle measure. These are called trigonometric identities.

In the figure, P(x, y) is in Quadrant I. The Greek letter theta y
(pronounced THAY tuh) 6, represents the measure of the angle

formed by the x-axis and OP. Triangle POR is a right triangle.

Let r represent the length of the hypotenuse. Then the following

are true.

=Y _x _Y
sin 0 = p cos 0 p tan = < ol
csch =L sech =L coth ==

Y &% Y
Notice that —— = - L-q1+4 1+4=1.Lo L L =csco.
sinf Y ¥y r r vy y
r r

So, Sii g = scf. This is known as one of the reciprocal identities.

Activity

Verify that cos? 6 + sin2 6 = 1.

The expression cos? § means (cos 0)2. To verify an identity, work on only one side
of the equation and use what you know to show how that side is equivalent to the
other side.

cos20 + sinZ26 2 1 Original equation
(£)2 + (1>2 21 Substitute.
r r
2 2
X y B
Enl ] 3
Ttz L 1 Simplify.
x2 + 2 . . - .
P o] Combine fractions with like denominators.
2
:7 21 Pythagorean Theorem: x2 + y2 = r?

1=1/ simplify.
Since 1 = 1, cos26 + sin%0 = 1.

Analyze 1-2. See margin.

1. The identity cos? @ + sin?6# = 1 is known as a Pythagorean identity. Why do
you think the word Pythagorean is used to name this?

2. Find two more reciprocal identities involving ﬁ and n o’

Verify each identity. 3—6. See p. 399A.

38 Slneztame 4. CotGZC(.)—SO
cos 0 sin 6

Geometry Activity Trigonometric Identities 391

5. tan? 0 + 1 = sec? 0 6. cot?2 + 1 =csc?0

A Follow-Up of Lesson 7-7

Getting Started

Trigonometric Identities
Explain to students that this
investigation provides them with
the tools necessary for deriving
trigonometric identities, which
they will later use to solve
problems and prove theorems.

* Have students write an
equation for the Law of Cosines
and substitute the symbols in
the figure, using 6 as the angle.

¢ Ask students to set up a
proportion with the Law of
Sines, using 6 and 90° for the
angles and then solving for
sin 6.

* Encourage students to become
comfortable with verifying the
identities, and advise them
that these skills will be useful
when they are faced with more
complex problems and proofs.

Assess

Exercises 1-6 allow students to
systematically practice and
become more comfortable with
finding equivalent trigonometric
expressions and verifying
trigonometric identities. Some
students may need to strengthen
their algebra skills before working
through these exercises.

Answers

1. Sample answer: It is of the form
a + 1?2 = ¢, where ¢ = 1.
1 o1
" 'cos 6 ’tan 6

2 = sec 0 =cot @

Geometry Activity Trigonometric Indentities 391
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Study Guide

! Guide and Review
and Review

Vocabulary and Concept Check

ambiguous case (p. 384)
angle of depression (p. 372)
angle of elevation (p. 371)
cosine (p. 364)

geometric mean (p. 342)
Law of Cosines (p. 385)

Law of Sines (p. 377)
Pythagorean identity (p. 391)

Pythagorean triple (p. 352)
reciprocal identities (p. 391)
sine (p. 364)

solving a triangle (p. 378)

tangent (p. 364)
trigonometric identity (p. 391)
trigonometric ratio (p. 364)
trigonometry (p. 364)

Vocabulary and
Concept Check

¢ This alphabetical list of
vocabulary terms in Chapter 7
includes a page reference
where each term was

A complete list of postulates and theorems can be found on pages R1-R8.

Exercises State whether each statement is true or false. If false, replace the

introduced. underlined word or words to make a true sentence.

* Assessment A vocabulary 1. The Law of Sines can be applied if you know the measures of two sides and an angle
test/review for Chapter 7 is opposite one of these sides of the triangle. true
available on p. 406 of the 2. The tangent of ZA is the measure of the leg adjacent to A divided by the measure of the

leg opposite 2~ A. false; opposite; adjacent

3. In any triangle, the sum of the squares of the measures of the legs equals the square of the
measure of the hypotenuse. false; a right

Lesson-by- Lesson 4. An angle of elevation is the angle between the line of sight and the horizontal when an
Review observer looks upward. true
5. The geometric mean between two numbers is the positive square root of their product. frue
6. In a 30°-60°-90° triangle, two of the sides will have the same length. false; 45°-45°-90°
7. Looking at a city while flying in a plane is an example that uses angle of elevation. false; depression

Chapter 7 Resource Masters.

For each lesson,

¢ the main ideas are
summarized,

¢ additional examples review
concepts, and

Lesson-by-Lesson Review
Geometric Mean

See pages
342-348.

* practice exercises are provided.

o

@ The Vocabulary PuzzleMaker

Concept Summary
Vocabulary

e The geometric mean of two numbers is the square root of their product.
PuzzleMaker

e You can use the geometric mean to find the altitude of a right triangle.

Examples 1 Find the geometric mean between 10 and 30.

software improves students’ mathematics 10 _ x Definition of )
vocabulary using four puzzle formats— x 30 efinition of geometric mean
crossword, scramble, word search using a x2 = 300 Cross products
word list, and word search using clues. x = V300 or 10\/5 Take the square root of each side.
Stufdents can \t/vc()jrl;onda c:)mputer screen 2 Find NG in ATGR. T,
orfrom a printed handout. The measure of the altitude is the geometric mean N
between the measures of the two hypotenuse segments. 4
MindJogger e % = % Definition of geometric mean G R
Videoquizzes (em)| 2 _GN
=== IN=2,RN=4
GN 4
@ MindJogger Videoquizzes 8 = (GN)*  Cross products
provide an alternative review of concepts V80r2V2=GN  Take the square root of each side.

presented in this chapter. Students work
in teams in a game show format to gain

points for correct answers. The questions
are presented in three rounds.

Round 1 Concepts (5 questions)
Round 2 Skills (4 questions)
Round 3 Problem Solving (4 questions)

392 Chapter 7 Right Triangles and Trigonometry

e

{ 5= www.geometryonline.com/vocabulary_review

FOLDABLES

For more information
about Foldables, see
Teaching Mathematics
with Foldables.

Chapter 7.

Chapter Test.

392 Chapter 7 Right Triangles and Trigonometry

Have students look through the chapter to make sure they have
included notes and examples in their Foldables for each lesson of

Encourage students to refer to their Foldables while completing
the Study Guide and Review and to use them in preparing for the
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Exercises Find the geometric mean between each pair of numbers.

See Example 1 on page 342. 10V/7 ~ 26.5 6122 ~ 28.1
8. 4and 16 8 9. 4and 81 18 10. 20 and 35 11. 18 and 44
12. In APQR, PS = 8, and QS = 14. s P
Find RS. See Example 2 on page 344.
V7 =~106 A
Q R

[24 The Pythagorean Theorem and lts Converse

Seepages - Concept Summa
350-356. P |'y

e The Pythagorean Theorem can be used to find the measures of the sides of
a right triangle.

o If the measures of the sides of a triangle form a Pythagorean triple, then
the triangle is a right triangle.

a%2 + (LK)2 = (JL)2  Pythagorean Theorem
a? + 8 =132 LK =8andJL =13 13
a2 + 64 = 169 Simplify.
a% =105 Subtract 64 from each side.
a="V105 Take the square root of each side.
a=10.2 Use a calculator.

Exercises Find x. See Example 2 on page 351.

13. 25 14, % 13 15. 4\/17 ~16.5
. 17 13 X
K 41 A
& ' 7
20

Special Right Triangles
See pages - Concept Summary

357-363.
e The measure of the hypotenuse of a 45°-45°-90° triangle is \/2 times the length
of the legs of the triangle. The measures of the sides are x, x, and V2.

e In a 30°-60°-90° triangle, the measures of the sides are x, x\/g, and 2x.

Zfer

ZL[dlZ] 1 Find x. X
The measure of the shorter leg XZ of AXYZ is half the
measure of the hypotenuse XY. Therefore, XZ = %(26)
or 13. The measure of the longer leg is \/3 times the O
measure of the shorter leg. So, x = 13V 3. z . 4

Chapter 7 Study Guide and Review 393
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2 Find x. Q
AI’ISWEI’S The measure of the hypotenuse of a 45°-45°-90° triangle
2. g 0. 50 - 0.80: 3_ 0.75: is \V/2 times the length of a leg of the triangle. y X
4 4 2= 4 []
2 _ L9 02, P X R
5 0. 80 0.60; 1.33 = 7
= _ a1 . _ V2
22. 028, 25 096, 24 0.29; x—W-Wor2\/E
5 = 0.96; o= 25 = 0.28; T ~ 3.43 .
Exercises Find x and y. See Examples 1 and 3 on pages 358 and 359.
16. x=9; 17. x= 18V2.18 4 x=12;
2

=9V2
1 y=1V2
2

45° I
X y

For Exercises 19 and 20, use the figure at the right.
See Example 3 on page 359.

19. Ify = 18, find zand a. z=18V/3, a= 363
20. If x = 14, find a, z, b, and y.

28V/3 _14\/' pe= 14

a="3 = =

LA Trigonometry

seepages | Concept Summary
364-370,

e Trigonometric ratios can be used to find measures in right triangles.

ratio as a fraction and as a decimal.

Example Find sin A, cos A, and tan A. Express each B
13 :
A

12 ¢

Gin A = opposite leg cos A = adjacent leg tan A = opPosite leg

hypotenuse hypotenuse adjacent leg

_ BC _AC _ BC

AB AB AC

=3 =12 =5

13 Ot about 0.38 13 or about 0.92 1501 about 0.42
Exercises Use AFGH to find sin F, cos F, tan F, sin G, cos G, G

and tan G. Express each ratio as a fraction and as a decimal to
the nearest hundredth. See Example 1 on page 365.
2l.a=9,b=12,c=15 22. a=7,b=24,c=25

21-22. See margin. F b H
Find the measure of each angle to the nearest tenth of a degree.

See Example 4 on pages 366 and 367.

23. sin P = 0.4522 26.9 24. cos Q =0.1673 80.4  25. tan R = 0.9324 43.0

394 Chapter 7 Right Triangles and Trigonometry
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Angles of Elevation and Depression

i;f 2678:5 Concept Summary
" e Trigonometry can be used to solve problems related to angles of elevation

and depression.

Exampl& A store has a ramp near its front entrance. The ramp measures 12 feet, and has a
height of 3 feet. What is the angle of elevation?

Make a drawing. B
Let x represent m/BAC. 12 J 3
sin x° = % sinx = %ﬁfse A . c
smx":% BC = 3and AB = 12

x = sin’! (12) Find the inverse.

x ~ 14.5 Use a calculator.

The angle of elevation for the ramp is about 14.5°.

Exercises Determine the angles of elevation or depression in each situation.
See Examples 1 and 2 on pages 371 and 372.

26. An airplane must clear a 60-foot pole at the end of a runway 500 yards long. =~2.3°
27. An escalator descends 100 feet for each horizontal distance of 240 feet. ~22.6°
28. A hot-air balloon descends 50 feet for every 1000 feet traveled horizontally. ~2.9°

29. DAYLIGHT At a certain time of the day, the angle of elevation of the sun is 44°.
Find the length of a shadow cast by a building that is 30 yards high. ~31.1 yd

30. RAILROADS A railroad track rises 30 feet for every 400 feet of track. What is the
measure of the angle of elevation of the track? ~4.3°

The Law of Sines

Seepages - Concept Summary
377-383.

e To find the measures of a triangle by using the Law of Sines, you must
either know the measures of two angles and any side (AAS or ASA), or
two sides and an angle opposite one of these sides (SSA) of the triangle.

e To solve a triangle means to find the measures of all sides and angles.

Example Solve AXYZ if m/X = 32, m£Y = 61, and y = 15. Round angle measures to the
nearest degree and side measures to the nearest tenth.

Find the measure of £ Z. y
msX +msY +msZ =180 Angle Sum Theorem
32+ 61 +msZ =180 msX=32andmrY = 61 Z X
93 + m/Z =180 Add.
m/.Z = 87  Subtract 93 from each side. X y z

(continued on the next page)
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. . . « Extra Practice, see pages 766-768.
Study Guide and Review + Mixed Problem Solving, see page 788.

Since we know m/Y and y, use proportions involving sin Y and y.

Answers To find x: To find z:
33. m£B=41, m£C~175, c~16.1 sh;y _ sn;x Law of Sines sir];Y _ sir;Z
34.m/B=358, b~11.1,a~10.7 sin 61° _ sin 32° Substitute. sin 61° _ sin 87°
35.m/B~61, m/C~90,c~9.9 15 x 15 z

x sin 61° = 15 sin 32° Cross products z sin 61° = 15 sin 87°

.msC =287, a~=~10. ~ 20.

B3 (DS i 6D GPHE o — 15sin32° Divide , — 155in87°
39.a=17.0, m/B~43, m/C~ 173 sin 61° : sin 61°
40. m/ B~ 38, msA =~ 89, a~84 x =091 Use a calculator. z~17.1

Exercises Find each measure using the given measures of AFGH. Round
angle measures to the nearest degree and side measures to the nearest tenth.
See Example 1 on page 378.

31. Findfif g = 16, m£G = 48, and m£F = 82. 21.3
32. Find m/H if h = 105, ¢ = 13, and m£G = 65. 41

Solve each A ABC described below. Round angle measures to the nearest
degree and side measures to the nearest tenth. See Example 2 on pages 378 and 379.

33. a=15,b=11, msLA = 64 34. ¢ =12, m£C =67, mLA =55
35. mzA=29,a=480b=287 36. msA =29, m/B=64,b=185

33-36. See margin.

The Law of Cosines

seepages . Concept Summary

385-390.
e The Law of Cosines can be used to solve triangles when you know the
measures of two sides and the included angle (SAS) or the measures of
the three sides (SSS).
(ZL[IIB Find a if b= 23, c =19, and mLA = 54. B
Since the measures of two sides and the included angle are
known, use the Law of Cosines. 19 a
a?=b+ 2 — 2bccos A Law of Cosines
a? = 232 + 192 — 2(23)(19) cos 54° b=23c=19,andm/A=54 A 7 c
a="\V232+192 — 2(23)(19) cos 54°  Take the square root of each side.
a=194 Use a calculator.

Exercises In AXYZ, given the following measures, find the measure of the
missing side. See Example 1 on page 385.

37. x=76,y=54msZ =51 7=95.9 38. x=21,msY =73,z=16 y=~22.4
Solve each triangle using the given information. Round angle measure to the
nearest degree and side measure to the nearest tenth.

See Example 3 on pages 386 and 387. 39-40. See margin.

39. c=18,b =13, m/A = 64 40. b =52,m/C =53,c=6.7

396 Chapter 7 Right Triangles and Trigonometry

Answers (page 397)

2. Yes; two perfect squares can be writtenas a- aand b - b.
Multiplied together, we have a- a- b - b. Taking the
square root, we have ab, which is rational.

20. m£A=39, mLB~176,c~12.4
21. m£A=~ %6, m£C~176, c~14.2
22. mLA=51, mLB~T72, msLC~ 57
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C,\‘ap te'

Practice Test

Vocabulary and Concepts

1. State the Law of Cosines for AABC used to find m~C. ¢2 = a2 + h? — 2ah cos C

2. Determine whether the geometric mean of two perfect squares will always be rational. Explain.
3. Give an example of side measures of a 30°-60°-90° triangle. Sample answer: 2, 2\/5, 4 2. See margin.

Skills and Applications

Find the geometric mean between each pair of numbers.
4. 7 and 63 21 5. 6and 24 12

Find the missing measures.

7. 6 V11=~332 s 7 \218~148
> ] 13

5 . 12

1Ve2 . 19\/'211
2 2 :

10.

O
y . 16
y =
7 X

Use the figure to find each trigonometric ratio. Express answers B
as a fraction. ”
5 15 . 5 15
13. cos B 7 14. tan A 16 15. sin A 7
Find each measure using the given measures from AFGH. A 16 ¢
Round to the nearest tenth.
16. Find gif m/F =59, f =13, and m2£G = 71. 14.3
17. Find m/H if m/F =52, f = 10, and h = 12.5. 80.1
18. Find fif ¢ = 15,h = 13, and m£F = 48. 11.5
19. Find hif f=13.7, ¢ = 16.8,and m«H = 71. 17.9
Solve each triangle. Round each angle measure to the nearest degree and
each side measure to the nearest tenth. 20—22. See margin.
20. a=15,b=17,mLC =45 21.a=122,b=109, m£B =48 22.a=19,b=232,c=21

23. TRAVEL From an airplane, Janara looked down to see a city. If she
looked down at an angle of 9° and the airplane was half a mile above
the ground, what was the horizontal distance to the city? 3.2 mi

24. CIVIL ENGINEERING A section of freeway has a steady incline of 10°.
If the horizontal distance from the beginning of the incline to the end is
5 miles, how high does the incline reach? 0.9 mi

25. STANDARDIZED TEST PRACTICE Find tan X. D X

5 12 17 12 3
®F ®f ©f @f ™%

f__!,: www.geometryonline.com/chapter_test

6. 10and 50 10V/5

9. I 3V5 ~ 6.7
9 9

x=6V3,y=6 12 x=8V3,y=30
8
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Portfolio Suggestion

Introduction After working through a chapter of very detailed material, it can
help to determine strengths and weaknesses.

Ask Students List all the methods and formulas for solving triangles that you
learned about in this chapter. Select a favorite method to write about and
explain why you are most comfortable with this particular method. Write about
your least favorite method and include possible ideas and activities to help you

master it. Place this in your portfolio. Y,

Assessment Options

Vocabulary Test A vocabulary
test/review for Chapter 7 can be
found on p. 406 of the Chapter 7
Resource Masters.

Chapter Tests There are six
Chapter 7 Tests and an Open-
Ended Assessment task available
in the Chapter 7 Resource Masters.

Chapter 7 Tests
Form Type Level Pages
1 MC basic 393-394
2A MC average 395-396
2B MC average 397-398
2C FR average 399-400
2D FR average 401-402
3 FR advanced | 403-404 )

MC = multiple-choice questions
FR = free-response questions

Open-Ended Assessment
Performance tasks for Chapter 7
can be found on p. 405 of the
Chapter 7 Resource Masters. A
sample scoring rubric for these
tasks appears on p. A28.

Unit 2 Test A unit test/review
can be found on pp. 413414 of
the Chapter 7 Resource Masters.

First Semester Test A test for
Chapters 1-7 can be found on
pp- 415416 of the Chapter 7
Resource Masters.

e ExamView® Pro

Use the networkable
ExamView?® Pro to:

* Create multiple versions of
tests.

¢ Create modified tests for
Inclusion students.

* Edit existing questions and
add your own questions.

e Use built-in state curriculum
correlations to create tests
aligned with state standards.

* Apply art to your tests from a
program bank of artwork.
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aPle, Giandardized
7 Test Practice

These two pages contain practice
questions in the various formats
that can be found on the most
frequently given standardized
tests.

A practice answer sheet for these
two pages can be found on p. Al
of the Chapter 7 Resource Masters.

Standardized Test Practice
Student Recording Sheet, p. Al

Select the best answer from the choices given and fill in the corresponding oval.

1 2PO® (1PPO® | TE®O®
2 D>D®O D@ 5 D®O© D@

3 DO 6t D®OD®

[ Part 2/ Short Response/Grid In ]

Solve the problem and write your answer in the blank.

For Questions 8, 9, 11, and 12, also enter your answer by writing each number or
symbol in a box. Then fill in the corresponding oval for that number or symbol.

[ — ) 8 9
9 (gun = S|
10
1 (gridin)
12 (@ridin)

11 12

- O\g\g\q
DD

[ Part 3 Extended Response )

Record your answers for Question 13 on the back of this paper.

Additional Practice

See pp. 411412 in the Chapter 7
Resource Masters for additional
standardized test practice.

(aPle,

Standardized Test Practice

Part 1 Multiple Choice

Record your answers on the answer sheet
provided by your teacher or on a sheet of

paper.

1. If Z4 and £3 are supplementary, which reason
could you use as the first step in proving that
£1 and £2 are supplementary? (Lesson 2-7) C

a b

@ Definition of similar angles
Definition of perpendicular lines
(© Definition of a vertical angle

@ Division Property

2. In AABC, BD is a median. If AD = 3x + 5 and
CD =5x — 1, find AC. (Lesson5-1) D

B

A D ©
@ 3 @® 11
© 14 @ 28

3. If pentagons ABCDE and PQRST are similar,
find SR. (Lesson 6-2) B

A
11 p
E B ¢
14 T Q
D~ g C S R

2 4
® 143 ® 47
© 3 @ 12
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4. In AABC, CD is an altitude and m/ZACB = 90°.
If AD = 12 and BD = 3, find AC to the nearest
tenth. (Lesson 7-1) C

C

2 12 D3B

@ 6.5 90 @O 134 @@ 15.0

. What is the length of RT? (Lesson 7-3) B

R

S 135,
@ 5cm 5V2 cm
@®© 5V3m @ 10 cm

. An earthquake damaged a communication

tower. As a result, the top of the tower broke
off at a point 60 feet above the base. If the
fallen portion of the tower made a 36° angle
with the ground, what was the approximate
height of the original tower? (Lesson 7-4) D

60 ft
36°
@ 35 ft 95 ft
@ 102 ft @ 162 ft

. Miraku drew a map showing Regina’s house,

Steve’s apartment, and Trina’s workplace.
The three locations formed ARST, where
m/R =34, r = 14, and s = 21. Which could
be m/S? (Lesson 7-6) G

@ 15 @ 22 © 57 @ 84

e ExamView® Pro

Special banks of standardized test
questions similar to those on the SAT,
ACT, TIMSS 8, NAEP 8, and state
proficiency tests can be found on this
CD-ROM.
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Preparing for Standardized Tests

For test-taking strategies and more
practice, see pages 795-810.

Part 2 Short Response/Grid In /

Record your answers on the answer sheet
provided by your teacher or on a sheet of

Evaluating Extended
Response Questions

Extended Response questions are
graded by using a multilevel
rubric that guides you in assessing
a student’s knowledge of a
particular concept.

Test-Taking Tip é @ >
Questions 6, 7, and 12
paper. If a standardized test question involves trigonometric
. functions, draw a diagram that represents the problem
8. Find m£ABC and use a calculator (if allowed) or the table of
if m/ CDA = 61. trigonometric relationships provided with the test to
(Lesson 1-6) 140 help you find the answer.

Goal: Prove that a point is a
midpoint.

Sample Scoring Rubric: The
following rubric is a sample
scoring device. You may wish to

12. Dee is parasailing at the ocean. The angle of
depression from her line of sight to the boat
is 41°. If the cable attaching Dee to the boat
is 500 feet long, how many feet is Dee above

For Questions 9 and 10, refer to the graph.

sl F .. the water? (Lesson 7-5) 328 add more detail to this sample to
o meet your individual scoring
A0 needs.

z‘ (0,32)
’
Of [ 10] 20 30 ‘C 4 A correct solution that is

supported by well-developed,
accurate explanations

A generally correct solution,
but may contain minor flaws
in reasoning or computation

2 A partially correct interpretation
and/or solution to the problem
1 A correct solution with no

supporting evidence or
explanation

9. At the International Science Fair, a Canadian
student recorded temperatures in degrees 3

Celsius. A student from the United States
Part 3 Extended Response

recorded the same temperatures in degrees
Fahrenheit. They used their data to plot a

Record your answers on a sheet of paper.
Show your work.

graph of Celsius versus Fahrenheit. What is
the slope of their graph? (Lesson 3-3) 9/5

13. Toby, Rani, and Sasha are practicing for a

10. Students used the equation of the line for double Dutch rope-jumping tournament.

the temperature graph of Celsius versus
Fahrenheit to convert degrees Celsius to
degrees Fahrenheit. If the line goes through
points (0, 32) and (10, 50), what equation can
the students use to convert degrees Celsius
to degrees Fahrenheit? (Lesson 3-4)

)
y=gx+ 32

Toby and Rani are standing at points T
and R and are turning the ropes. Sasha is
standing at S, equidistant from both Toby
and Rani. Sasha will jump into the middle
of the turning rope to point X. Prove that
when Sasha jumps into the rope, she will
be at the midpoint between Toby and Rani.

0 An incorrect solution indicating
no mathematical understanding
of the concept or task, or no

\ solution is given )

11. ATUV and AXYZ are similar. Calculate the (Lessons 4-5 and 4-6) See margin.
. Y7
ratio 77 (Lesson 6-3) 3/5 s
T
X
10, %\
% U z % T X R

|‘_’;._,' www.geometryonline.com/standardized_test Chapter 7 Standardized Test Practice 399

Answers

13. Since Sasha is equidistant from Toby and
Rani, ST and SR are congruent and ASTR
is an isosceles triangle. According to the
Isosceles Triangle Theorem, ~ Tand ~R
are also congruent. SXis perpendicular to
TR, so £ SXT and ~ SXR are both right
angles and congruent. Two corresponding
angles and the corresponding nonincluded

sides are congruent (AAS Theorem), so
ASTX and ASRX are congruent triangles.
Since these triangles are congruent, the
corresponding sides TX and RX are
congruent and have equal length; therefore
when Sasha is jumping at Point X she will
be at the midpoint between Toby and Rani.

Chapter 7 Standardized Test Practice 399


http://www.geometryonline.com/standardized_test

Pages 345-348, Lesson 7-1 Pages 360-363, Lesson 7-3

45. Given: £~ PQRis a right angle. Q 9. (W[ [ [ ] [ ] [T T T 1]
QS is an altitude of APQR. D(8 —3V3,3) | B(8,3) | D(8 +3V3,3)
Prove: APSQ ~ APQR p R \\ //
APQR ~ AQSR S i1 L
APSQ ~ AQSR Ie) /4(8, 0) X
Proof: [ |
Statements (Reasons) 10. y T
1. ZPQRis a right angle; QS is an altitude of APQR. D26+ 4V3)
(Given) e
2. QS 0 RP (Definition of altitude) AN
LY
3. 21 and £ 2 are right angles. (Definition of [ lines) M|
~ . ~ H ~ \
4. /1= /LPQR; £2 = ZPQR (All right 4 are =.) B(2.6) | LA 6)
5./P= /P; £/R= /R (Congruence of 4 is reflexive.)
6. APSQ ~ APQR; APQR ~ AQSR (AA Similarity;
Statements 4 and 5)
7. APSQ ~ AQSR (Similarity of triangles is transitive.)
46. Given: LADC is a right angle. D 0 X
DBiis an altitude of AADC.
~ _AB _ DB — j \
o Prove: 55 = 5 A 5—C | Page 391, Geometry Activity
— sinf . .
2 Proof: It is given that ZADC is a right angle and DB is 3. osg =tané Original equation
g an altitude of AADC. AADC is a right triangle by the Y
o definition of a right triangle. Therefore, AADB ~ ADCB, zx% sin6 =2, cos =% tang =2
"5 because if the altitude is drawn from the vertex of the T
“; right angle to the hypotenuse of a right triangle, then the Y. r,y Multiply by the reciprocal of =X
S two triangles formed are similar to the given triangle r ; ’; r
2 and to each other. So % = % by definition of similar X =%V Multiply.
2 polygons 008 0
= : . . .
< 47. Given: LADC is a right angle. D 4 “sing = cot? Original equation
E DBis an altitude of AADC. Xy y X X
r 2=z inf ==,cos6 ==,coth ==
S . AB _ AD. BC _ DC =y sne="r r y
= Prove: 45 = ac’ bc ~ AC A 5—C s
g Proof: é L2 X Multiply by the reciprocal of %
< Statements (Reasons) § i _
1. LADC'is a right angle; DB is an altitude of AADC. v=yY Multiply.
(Given) 5. tan9 + 1 2 sec?9  Original equation
2. AADC is a right triangle. (Definition of right triangle) y\2 r\e y r
, , (—) +1;<—> tanf =-,secH =
3. AABD ~ ANADC; ADBC ~ ANADC (If the altitude is X ) X X X
drawn from the vertex of the rt. 2 to the hypotenuse Y1492 Ll Evaluate exponents.
of art. A, then the 2 As formed are similar to the X22 X2 )
given A and to each other.) x2<y— + 1) 2 x2- = Multiply each side by x?.
AB _ AD. BC _ DC /¢ .. - x X
4. AD — AC DC — AC (Definition of similar polygons) Y2+ x2 2 Simplify.
r2=r2/ Substitution; y2 + x2 = r2

6. cot?9 + 1 2 csc?9  Original equation

cot0=1,sec<9=i

—
<Ix
lle ¥
n

+

—

[
—
<I=
LS
N

< y y
X2 r
? +12 ? Evaluate exponents.
2 2
yz(% n 1) 2 2. % Multiply each side by y2.
X2+ )2 2 2 Simplify.
r2=r2/ Substitution; X% + y? = r?
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